BASIC DIFFERENTIAL GEOMETRY 
AS A SEQUENCE OF INTERESTING PROBLEMS 
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Abstract. This paper is purely expositional and is in Russian (sample English translation of two 
pages is given). It is shown how in the course of solution of interesting geometric problems (close to 
applications) naturally appear different notions of curvature, which distinguish given geometry from 
the 'ordinary' one. Direct elementary definitions of these notions are presented. The paper is accessible 
for students familiar with analysis of several variables, and could be an interesting easy reading for 
mature mathematicians. The material is presented as a sequence of problems, which is peculiar not 
only to Zen monasteries but also to elite mathematical education (at least in Russia). 

The modern world is full of theories which are proliferating 
at a wrong level of generality, we 're so good at theorizing, 
and one theory spawns another, there's a whole industry 
of abstract activity which people mistake for thinking. 

I. Murdoch, The Good Apprentice. 
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Scalar curvature. 

1. Let n C R^ be a surface of revolution. Denote by L(R) the length of the circle in 11 of 

radius R centered at P G 11. Prove that 
27rR - L{R) 
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0. 



(b) there exists r := 6 lim 
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This is the scalar curvature of 11 at P. 



Main curvatures. 

1. Let Ai, . . . ,As be points in R^ with masses mi, . . . , m^. The inertia momentum of this 
system w.r.t. a line / is the number /(/) := mi|y4i/p + - ■ ■ + ms\Asl\'^, where |Aj/| is the distance 
from Ai to I. 

(a) Let /+ and /_ be the maximal and the minimal value of the inertia momenta w.r.t. lines 
in the plane pasing through a fixed point O (posibly, /+ = /_). Take one of the lines /_|_ such 
that /(/+) = /+. Then /(/) = /+ cos^ (p + I- sin^ (p, rpfi ip = Z{ll^). 
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Figure: a normal and a 'skew' sections of a surface. 



(b)* For each O e there are hnes hj2: h passing through O and such that for each hue 
I pasng through O we have — cos^(ZZi) + /(Z2) cos^{ll2) + cos^{lli). 

A coorientation of a surface 11 C is a field of unit lengh vectors n{P) normal to 11; the 
field should continuously depend on P e 11. 

A curvature of a (non-parametrized) curve on a cooriented surface is the normal projection 
of the acceleration of the unit length velocity motion on this curve. 

Main curvatures A+ and A_ of a cooriented surface H C R^ at P e H are the maximal 
and the minimal values of the curvatures at P of (non-parametrized) curves on H that are the 
intersection of 11 and planes passing through n{P). The corresponding planes are denoted by 
q;+ and a_. 

2. How do main curvatures change under 

(a) change of the coorientation to the opposite? 

(b) dilatation of the space? 

3. (a) The Euler formula. Let 11 C R^ be a cooriented surface and P e 11. Denote by k{(p) 
the curvature at P of the curve on H that is the intersection of 11 and the plane passing through 
n{P) and making the angle ip to the plane q;+ (for which such a curvature is maximal). Then 

k{ip) = A+ cos^ + A_ sin^ (p. 

(b) If A+ 7^ A_, then _L 

(c) State and prove the analogue of (a) for a cooriented 3-dimensional surface 11 C R^. 

4. (a) What is the ratio of curvatures for the intersection curves of a surface with two planes 
{a and in Fig. 2) containing P and intersecting the tangent plane by the same line, if q;„ 
passes through the normal vector at P and a makes angle 6 to the normal vector? 

(b) The normal projection at P = 7(0) of the acceleration of a parametrized curve 7 on a 
surface 11 depends only on the velocity 7'(0) of this curve at P. 

5. * r = 2A+A_. 
Hints. 

la and 3a. Follow because both inertia moment and the curvature have the form f(ip) — 
A cos^ (p + 2B cos (p sin p + C sin^ p. 

lb and 3c. Follow because both inertia moment and the curvature are quadratic forms 
(prove this!). 

3b. Denote n — n{'y{t)). Then 

n . 7' = =^ n' • 7' + n • 7" = =^ n • 7" = -7' • dn/d-f'. 
4a. The Meunieur Theorem. kcos9 = kn- Follows by 4b. 

A simple geometric definition of the scalar and the Ricci curvatures. 

Let n C R™ be an n-dimensional surface in R™ (a reader not familiar with surfaces can 
consider surfaces of revolution, which case is interesting enough). 

If n = 2, for P e n denote by Lu,p{R) the length of the circle in 11 of radius R centered at 
Pen. The scalfir curvature of 11 at P is the number 

27rP-Ln,p(P) 
r = Tn,p := 6 lim — . 

One can prove that this hmit indeed exists. 
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A (non-parametrized) curve F C 11 is called a geodesic on 11, if F is locally shortest, i.e., 
if each point x G F has a neighborhood U G H such that the distance (along FI) between any 
two points yi,y2 G U nr is equal to the length of a segment of F from yi to ?/2- 

For P G n denote by Tp the plane tangent to FI at the point P. Define a (geodesic) 
exponential map 

exp = expp : Tp -> n by exp(M) := 7p,„(1), 

where 7p„ : [—1, 1] — t- FI is the geodesic for which 7p,u(0) = P and 7pu(0) = u. 

The Ricci curvarure of FI at P G FI is a bilinear form p = pp : Tp x Tp ^ R such that 
for each unit n-dimensional cube A G Tp with vertex at P we have 

\/(exp p(/iA)) = /i" / p(u, u)du + 0(/?"+^) when h 

6 

One can prove that 

• such a quadratic form indeed exists and is unique. 

• analogous formula with /i" replaced by h^V{A) {h'^^'^ and /i""*"^ do not change) holds for 
each measurable subset A G Tp. 

• T = tip, where linear operator p : Tp ^ Tp is well-defined by p{u) ■ v = p{u, v). 

• 2p{u,u) = Yli^i^ where |m| = 1, ei,...,e„_i is an orthonormal base in the orthogonal 
complement to u in Tp and Xj is the scalar curvature at P of the 2-dimensional surface 
expp {u,ei). 

[1] F. Bessieres, G. Besson, M. Boileau, Fa preuve de la conjecture de Poincare d'apres G. 
Perelman, Images des Mathematiques, 2006. http:/ /www. math. cnrs.fr/imagesdesmaths/IdM2006. htm 
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OCHOBbI AHOOEPEHIj;HAJlbHOH TEOMETPHH 
B HHTEPECHblX SA^AHAX 

A. B. CKoneHKOB 

AHHOTau;HH. IToKaaaHO, KaK npn pemeHHH HHTepecHbix reoMeTpHnecKHx npo6jieM, 6jih3khx k 
npHjioJKeHHHM, ecTecTBeHHO BOSHHKaioT pasjiHHHbie noHHTHH Kpueu3HU, OTjiHHaiomeH HsynaeMyio reo- 
MeTpHK) OT 'oGbiHHofi'. IlpHBe/ieHbi npHMbie sjieMenTapHbie onpeflejieHHH 3thx noHHTHii. Bpomiopa 
npeflHaaHaneHa CTy/ieHTaM, acnnpaHTaM, pa6oTHHKaM nayKH ii o6pa30BaHHH, H3yHaioiii,HM h npHMena- 
ioii];hm fln4)4)epeHii;HajibHyio reoMeTpnio. ^Jia ee HsynenHH ^ocTaTOHHO Bjia/i,eHHH ocHOBaMH anajiHsa 
4)yHKii,HH HecKOjibKHX nepeMeHHbix (a bo mhophx MecTax He nyjKHO flajKe SToro). MaTepnaji npe- 
no;];HeceH b bh/jis li,hkjiob saj^an. (3to xapaKTepno He tojibko flJiH flsencKHX MOHacTbipeii, ho h 
KanecTBeHHoro npenoflaBaHHH MaTeiviaTHKH, ho KpaftHelt Mepe, b Pocchh.) 

The modern world is full of theories which are proliferating 
at a wrong level of generality, we 're so good at theorizing, 
and one theory spawns another, there's a whole industry 
of abstract activity which people mistake for thinking. 

I. Murdoch, The Good Apprentice. 

C oflepjKaHHe . 

Beedenue. Saneu. — CoBexbi h corjiameHHa. — JlnTepaxypa. 

KpueusHU Kpueux. KpHBbie. — KpHBHsna KpHBbix. — KpyneHHe npocTpaHCTBeHHbix xpn- 

BL.IX. 

HucAoeue npueusHu noeepxHocmeu. HoBepxHocTH. — BnyTpeHHaa HsoMexpHs. CKajiap- 
Haa KpHBHSHa. — Hjioma^b noBepxHocxn. — CKajiapnaa KpHBHsna (o6o6iri;eHHe) . — FjiaBHtie 
KpHBHSHbi. — riojiHaa cpeflHSH KpHBHSHa. — CpeflHsa KpHBHSHa B TOHKe. — riojiHaH rayccoBa 
KpHBHSHa. — FayccoBa KpHBHsna b tohkc. — FeoflesHHecKHe. — napajiJiejit.Ht.iH nepenoc. — 

CeKttHOHHaH KpHBHSHa. 

rfoAUAUHeuHue KpueusHU noeepxHocmeu. /^jiHHt.i KpHBbix na HOBepxHocxax. — FHManoBa 
MexpHKa. FEpHMeneHHe k HSOMexpnaM. — Onepaxop kphbhshbi BeHHrapxena (Bxopaa KBa^pa- 
XHHHaa 4)opMa). — BnjiHHeHHaa (|)opMa kphbhshbi Phhhh. — Tensop kphbhshbi PHMana. 

Koeapuanmnoe ducficfjepeHv^upoeaHue. FEpHMept.! xensopntix HOJiefi. — KoBapnanxnoe ^h(|)- 
(|)epeHH,HpoBaHHe (|)yHKH,HH. — KoMMyxaxop BeKxopnbix HOJiefl. — KoBapnanxnoe ;];H(|)(|)epeH- 
n,HpoBaHHe BeKxopnbix HOJiefi. — KoBapnanxnoe ;];H(|)4)epenii;npoBanHe xensopnbix nojien. 

06o6vu,eHue. 3j[eMenxt.i rnnepGojinnecKOH reoMexpnn JIoGaneBCKoro. — FeoMexpna na pn- 
ManoBbix MHorooGpasnax. 



^http://dfgm.math.insu.su/people/skopenkov/papersc.ps 
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npHBo^HMbie sa^aHH no^oGpaHbi xax, hto b npon;ecce hx pemeHHa (h o6cy>K^eHH5i) hh- 
xaxejib yBH^HT, xax npn pemeHHH HHTepecHbix reoMexpHHecKHx npoGjieM, 6jih3khx k npHjio- 
jKeHHHM, ecxecTBeHHo BosHHKaioT pasjiHHHBie noHJiTHH Kpueu3Hu, oTjiHHaromeii HsynaeMyio 
reoMexpHio ot 'oGbihroh'. H /^ajibHeilmHe SHanna HHTaxejib CMoacex noHepnHyxb b KHHrax h3 
cnncKa jiHTepaxypbi. 

OcoGeHHOCTb SToro xeKcxa — bosmojkhocth nosnaKOMHTbca c HCKOTopbiMH Momueupoena- 
Mu H udeRMu ;];H(|)(|)epeHii;HajibHOH reoMeTpHH npn cBej\envw k Heo6xo;];HMOMy MHHHMyMy ee 

51 cxapajica ^aBaxt onpe^ejieHHH xaK, hto6l.i cpaay 6l.ijio hcho, hto onpe^ejiHeMBili o6td- 
eKT HHxepeceH. A Mexo^bi BbiHHCjieHHH y>Ke HHTepecHbix (no caMOMy hx onpeflejienHio) 061.- 
eKTOB (|)opMyjiHpoBaTb B BH^e xeopeM. (HacTo HsyneHHe Maxepnajia saxpy^HaeTca tcm, hto 
euHUCAumeAhHue ^opMyAU npeno^HOCHXca b bh^c onpedeAenuu, Koxoptie CTaHOBaxca neMOXH- 
BHpoBaHHbiMH.) BMecxo aBcmpaKmuux o6iu,ux noHsimuu (nanpHMep, xensopa h KOBapnanxHO- 
ro ;];H(|)(|)epeHij,HpoBaHH5i) paccMaxpHBaioxca hx KOHKpemHue ucnoAhsyeMue e nypce Hacmnue 
CAynau, a o6o6iii,eHHe ocxaexcH b bh^c aa^an, Koxopbie ecxecxBeHHbi h jierKH jijis HHxaxejia, 
pasoGpaBineroca c HacxHbiMH cjiynaHMH. (HsynenHe 'ox oGmero k nacxHOMy' nacxo npHBo;i,Hx 
K aGcypflHOMy 34)(|)eKxy: c^^aiomHe Kypc BocnpoHSBO^HX rpoMos^^Koe onpe;i,ejieHHe, ho ne mo- 
ryx no 3XOMy onpe;];ejieHHio npHBecxH hh o;];Horo co;];ep>KaxejibHoro npHMepa onpeflejiaeMoro 
o6x.eKxa.) 

npocxeiimHe kphbhshbi — hhcjiobbic hojih, 6ojiee cjiojKHBie — HOJia KBa^paxHHHbix (|)opM, 
a xensop kphbhshbi PHMana ('sxo MajieHbKoe ny^oBHn^e HOJiHjiHHefiHOH ajire6pt.i' no cjioBaM 
M. FpoMOBa) — nojie nexbipexjinneHnbix (|)opM. B 3xom Kypce ^aioxca npsiMbie reoMexpnne- 
CKHe onpe^ejienHH cnanajia nepBbix, saxeM Bxoptix n noxoM xpextero. Konenno, npocxenmne 
KpHBHsnbi Bbipaacaioxca: nepes 6ojiee cjioacnbie (n xaxne BbipajKenna nacxo y^o6nL.i ^jia eu- 
HUCAenuR npocxenmnx KpnBHsn), no onpedeAenue npocxbix nonaxnn nepes 6ojiee cjioJKHbie 
3axpyflH5iex naynenne Maxepnajia. 

BBHfly npoapannoH reoMexpnnecKon MOXHBnpoBannocxn nsynaeMbix nonaxnn najioxcenne 
B ocnoBnoM cnnxexnnno n GecKoop^^nnaxno. HecMoxpa na cxpeMjienne k acnocxn n opnen- 
xnpoBannocxb na npnjiojKenna (a xonnee, KaK pas b cnjiy xaKoro cxpeMjienna), a cxapajica 
no^epjKaxt. ^ocxaxonno bbicokhh ypoBenb cxporocxn. HanpnMep, nexKO pasjinnaioxca na- 
paMexpHSOBannbie n nenapaMexpHSOBannbie KpnBbie n noBepxnocxH (oxcyxcxBne nx nexKoro 
pasjiHHeHHS Memaex nannnaron^HM, xoxh ^onycxnMO n y^oGno ^Jia cnen;HajiHcxoB) . 

ripHnaxbiH cxHjit. HSJiojKenna oxBenaex ^yxy K. O. Faycca (n ^pyrnx nepBooxKpbiBaxe- 
jieii), Mnoro sannMaBmeroca npnjiojKennjiMH n npeBpaxHBmero o^nn h3 pas^ejioB reorpa(|)HH 
B ;];annL.iH pas^^eji MaxeMaxHKH. Hsjioacenne 'ox npocxoro k cjioJKnoMy' n b (|)opMe, 6jih3koh 
K (|)opMe po>K;];enH3 Maxepnajia, npo^^ojiacaex ycxnyio xpaflHu;HK), Bocxo;i,Hn];yio k JIao LI,3t.i n 
Hjiaxony, a b coBpeMennoM npeno^aBannn MaxeMaxnxn npe^cxaBjiennyio, nanpnMep, KnnraMn 
JX. rioiia n JKypnajiOM 'KBanx'. 

Mne KaJKexcH, npnnHXbin cxnjib nsjioJKennH ne xojibko c^ejiaex Maxepnaji Gojiee ;];ocxyn- 
ntiM, no nosBOjinx cnjibnbiM cxy^enxaM (flJia Koxopt-ix ^ocxynno ^axce a6cxpaKxnoe nsjio- 
jKenne) npnoGpecxn MaxeMaxnnecKnn BKyc c xeM, nxoGbi paaynno BtiGnpaxt npo6jieML.i ^jih 
nccjie^OBanna, a xaKJKe acno nsjiaraxt coGcxBennbie oxxptixna, ne CKptiBaa omn6oK (njin 
nsBecxnocxH nojiynennoro peayjibxaxa) sa npesMepntiM (JjopMajinsMOM. K cojKajiennio, xaKoe 

^TeM caMbiM OH ocboht ochobbi /i,H4)4)epeHLi,HajibHOH tcomctphh (b nacTHOCTH, 66jiBmyio ^lacTB Kypca, H3y- 
^acMoro Ha MexanHKO-MaTeMaTHi^ecKOM (J^aKyjiBTCTe MocKOBCKoro rocy;i,apcTBeHHoro yHHsepcHTeTa hm. M. B. 
JIoMOHOCOBa — KpoMe HHTerpHpoBaHHH flH4)4)epeHn,HajiBHBix 4)opM h ochob TonojiorHn). 
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(6ecco3HaTejibHoe) coKptiTne omnSKH nacTO npoHCxoflHT c mojioammh MaTeiviaTHKaMH, boc- 
nHTaHHMMH Ha HpesMepHO (JjopMajibHbix Kypcax (npoHCxoflHjio h c asTopoM sthx CTpoK; k 
CHacTbK), noHTH Bce MOH omnGKH HcnpasjiajiHCb neped ny6jiHKaii;HaMH) . 

HxeHHe 3Toro xeKcxa h pemeHne sa^^an noTpe6yioT ot 6ojibmHHCTBa HHTaTejiefi ycHjinfl 
(BnpoHeM, HCKOTopbie iHTaTe/iH flaHHoro TCKcxa jKajioBajiHCb, hto b hcm hct cepbesHbix 3a/j,aH, 
a ecTb jinnib TpHBHajibHbie ynpaacHennfl). OflnaKO sth ycHjina Sy^yT cnojina onpaBflanbi tcm, 
HTO BCJiefl 3a BejiHKHMH MaTeMaTHKaMH B npoii,ecce HsyHeHHa HHTepecHbix reoMeTpHHecKHx 
npoSjieM HHTaTejib OTKpoeT neKOTopbie ocHOBHbie noHATHfl h TeopeMbi flH4)4)epeHii;HajibHOH 
reoMexpHH. Ha^eiocb, 3to rioMOJKex HHTaxejiio coBepniHTb coScTBeHHbie nacTOJibKO ace nojiea- 
Hbie oTKpbiTHa (ne oGasaTCJibHO b MaTeMaTHxe)! 

^aHHbiit TeKCT ocHOBaH Ha jieKii;Hflx h ceMHHapax, Koxopbie aBTop bbji na MexMaxe MFY 
B 2004-2007 roflax h b jieTHeii niKOJie 'CoBpeMeHHaa MaTeiviaTHKa' b 2007 ro^y. HeKOTopbie 
ero 4)parMeHTbi Smjih npeflcxaBjieHbi na ceMHHape KacjDe^pbi ^H(|)4)epeHn;HajibH0H reoMeTpHH 
H npHjiojKeHHH MexMaxa MTY (pyx. aKaj^. PAH A. T. OoMeHKo) h na ceMHHape ho reoMeTpHH 
B MLI,HMO (pyK. fl.4).M.H. B. K). HpoTacoB). Bjiaroflapio A. HBanoBa, C. MapxejioBa, A. 
OmeMKOBa, A. lljiflHieHHHKa, B. HpacojiOBa, A. TojiHennHKOBa, K). TopxoBa, F. HejiHOKOBa h 
Bcex cjiymaTejieii (Tonnee, pemaTejieii) KypcoB aa nojiesHbie saMeHaHHsi h oScyjKfleHHfl. 

CoBeTM H corjiaiueHHa. 

IIpHBOflHMbie OHpeflejieHHH kphbhsh nesaeucuMU dpys om dpyea. HosTOMy nocjie nayne- 

HHfl HOBepXHOCTefi MOJKHO CpaSy HSynaTb AK)6yK> H3 BBOflHMblX 3fleCb KPHBH3H (flJIfl CKajIflp- 

Hoii, cpeflHeii h rayccoBofi kphbhsh HeoSxoflHMO em,e HonaTHe njiomaflH, fljia ceKn;HOHHOH h 
pHMaHOBOH — napajijiejibHoro nepenoca, a p^jis pHHHHeBofl — reo^^esHHecKHX h 3KcnoHeHn;H- 
ajibHoro OTo5pa>KeHHH) . HpH stom, ecTecTBeHHO, saflann o cbssh HsynaeMOH kphbhshm c eme 
He HsynenHbiMH HpHflexca oxjioacHTb na iiotom. 

^jia noHHMaHHfl ycjiOBHii h fljia pemeHHa aaflan flocTaxoHHO yBepenHoro BjiaflenHfl ocho- 
BaMH anajiHsa 4)yHKn;HH necKOJibKHx nepeivieHHbix (h, neivi flajibine, TeM Sojibine, jiHHefiHOH 
ajire6pbi). Bce Heo6xo;];HMbie Hoeue onpe;];ejieHHH npHBO^^HTCH speech. Koe-rjie Tpe6yeTCH TaK- 
jKe TeopcMa o cymecTBOBanHH h e^HHCTBeHHOCTH pemeHHH ;^H(j3(j3epeHii,HajibHoro ypaBHeHHJi. 

BaacHbie 4)aKTbi Bbiflejienbi cjiobom 'Teopena' hjih 'cjieflcxBHe'. HHor^a noflCKasKaMH sBjia- 
lOTCfl coceflHHe sa^anw, yKaaaHHa ^aiOTCfl b KOHii,e Kaacflofi TeMbi. OaxTbi, fljia ^OKaaaTejibCTBa 
KOTopbix HHTaTejiK) MOJKeT noHafloSHTbCfl jiHTepaTypa (hjih KOHcyjibTaH;Hfl CHeH,HajiHCTa) , npn- 
BOflflTca CO ccbijiKa.MH. Ec iH ycjiOBHe saflanH aBjiaeTca 4)opMyjiHpoBKOH yTBepjKfleHHfl, to sto 
yTBep>K;];eHHe h Ha/j,o /j,OKa3aTb. 

PaccMaxpHBaeMbie noHHXHa ii cjaaKTbi HHTepecHbi, nojiesHbi a HCTpHBHajibKbi /],a>Ke ^jih no- 
BepxHOCTeii Bpamenna h rpa4)HKOB (jDyHKii,HH (b ochobhom b TpexMepnoM npocTpancTBe), a 
TaKsce fljifl noBepxHOCTefi MHororpaHHHKOB. HanpHMep, HHBapnaHT ^ena, c noMombio KOTopo- 
ro Gbijia pemena 3-3 npoGjiena THjibGepxa, xecHO cBHsan co cpeflHeii kphbhshoh noBepxHocxH 
MHororpaHHHKa. HosxoMy ne npHBO^^nxca npHMepoB Sojiee cjioxchbix noBepxHocxefl (xpoMe 
iijiocKocxH JIo6aHeBCKoro b caMOM KOHii;e). O^HaKO ^^jm xopomero iioHHMaHHa Maxepnajia hh- 
xaxejiK) Sy^ex nojieano naynnxb xaxne npHMepbi [Ra03, MF04]. 

SaflaHHbie b ycjiOBnax 4)yHKii,HH npe^nojiaraioxcfl SecKoneHHO flH4)4)epeHii,HpyeMbiMH, ecjiH 
He oroBopeHO npoxHBHoe. OnpeflejieHHa ^aioxca b npeflnojioacennH, hxo HcnojibsyeMbie b hhx 
upejiejihi (b HacxHocxH, npoH3Bo;];Hbie) cymecxByiox. Hepes ■, x h A oGosnanaioxcH CKajiapnoe, 
BeKxopHoe H cMemaHHoe (ne nyxanxe c BHeniHHM!) npoHSBefleHHa, cooxBexcxBenno. 
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KPHBHSHM KPHBMX 
KpHBfcie. 

ByflCM o6o3HaHaTi. tohkoh npoH3BOflHyio no t, a niTpHxoM nponsBOflHyio no HamypajibHOMy 
napaMempy (Kor^a sto noHATne noflBHTca). 

1. HapncyiiTe cjie^yioiuHe KpHBbie na njiocKocTH (b npocTpancTBe) h naiiflHTe hx napa- 
MexpHHecKHe ypaBHennH 7(t) = {x{t),y{t)) wm 7(t) = {r{t),ip(t)) b ;];eKapTOBbix hjih no- 
jiHpHbix Koop/j,HHaTax Ha iijiockocth; ^(t) = {x{t),y{t), z(t)) hjih 7(t) = {r{t),Lp(t), z(t)) hjih 
■j{t) = (r(t), (p{t), 0{t)) B fleKapTOBbix, ii,HjiHHflpHHecKHx HJIH c4)epHHecKHx KoopflHHaTax B iipo- 
CTpancTBe. 

(0) UapaSojia — KpHBaa, no KOTopon na^aeT Spomennbin co CKopocTbio v m/c napajijiejii.no 
3eMjie MHHHK no^i; ;i;eHCTBHeM chjibi THacecTH (6e3 ynexa conpoTHBjieHHH B03;i;yxa etc.), hjih 
MHOJKecTBo TO Hex HjiocKocTH, paBHoyflajiennbix ot flannoft npsMoft (dupeKmpucu) h flannon 
TOHKH {(f)OKyca). 

(a) Jlyn OA paBnoMepno BpamaeTca Boxpyr CBoero nenoflBHJKnoro nanajia O c yrjiOBoii 
CKopocTBio u. ToHKa M paBnoMepno flBnaceTca no Jiyny OA, nannnaa h3 tohkh O, co CKopo- 

CTbio V. OiiHCbiBaeMaa tohkoh M KpHBaa nasbiBaeTca cnupaAhto ApxuMeda. 

(b) BuHuioeaH auhuh — TpaeKTopna KOHii,a CTepjKHH ^jihhbi 2r, paBHOMepno co CKopocTBio 
V naflaiomero na 3eMjiio, ocTaiomerocH napajiJiejiBHBiM noBepxHocxn 3eMjiH n oflnoBpeMenno 
Bpaiii,aioii],erocfl b ropH3onTajii>noH hjiockocth Boxpyr CBoeii cepeflnnti paBnoMepno c yrjiOBoii 

CKOpOCTbK) ui. 

(c) Kojieco pa;i;Hyca R KaTHTca paBiiOMcpHO Ses npocKajibSbiBanna no npflMoii. OnnctiBa- 
eMaH TOHKOH Ha o6o/i,e Kojieca xpHBaa HasMBacTca v^uKAOudou. 

(d) dAAunc — MHOJKecTBO TOHCK IIJIOCKOCTH, cyMMa paccToaHHH OT KOToptix flo flByx ^aH- 
nbix TOHCK [(poKycoe) paBHa (J)HKCHpoBannoH Bejinnnne d, GojiBinen paccToanna / MejKfly 4)0- 
KycaMH. 

(e) Ho KaKoit KpHBoii ^BHaceTcs sjiexTpon b hoctoshhom MarnHTnoM nojie, ecjiH Hanajibnaa 
CKopocTb 3jieKTpoHa He HapajijiejiBHa h hc HepHeH^^HKyjiapna HanpajKeHHOCTH if, r;i;e H — 
iiocTOHHHbiH BeKTop? (3aKOH Bno-CaBapa-JIanjiaca flBHJKeHHH sjiexTpona yTBepac^aeT, hto 
7 = 7 X H.) 

(f) * JIoKcodpoMUH — TpaeKTopnfl nyTemecTBennnKa, flBHJKyiii,erocfl no noBepxnocTn SeMjin 
(KOTopaa CHHTaeTCfl c4)epoH) h3 tohkh na nepeceHennn SKBaTopa c rpnnBHHCKHM MepnflnanoM 
Bce BpcMH Ha ceBepo-BOCTOK (to ecTb Bce BpeMH Ho^i; yrjioM 45° k TexymeMy Mepn^^nany) . 
UlnpoTa nyTemecTBeHHHKa B03pacTaeT paBHOMepno. Hepefl bbibo^om ypaBHenna HapncyttTe 
3T0T nyTb na ccj^epe n na Kapie. 

(g) * I^ennaA auhuh — sto KpHBaa, 4)opMy KOTopoii nofl fleiiCTBHeM chjibi TsacecTn npnnn- 
MaeT nepacTSJKHMaa hhtb c 3aKpenjienni>iMH Konn;aMH. 

(h) Kpueafi Bueuanu — nepeceneHHe c4)epL.i pa;i;Hyca R h npsMoro xpyroBoro n,HjiHnflpa 
flHaivieTpa i?, o^na h3 o6pa3yK)iii;Hx KOToporo npoxo^HT Hepe3 u,eHTp c4)ept.i. 

(1) * Acmpouda — KpHBaa, fljia KOTopott fljinna OTpe3Ka KacaTejitnoii b npoH3BOJibnoH tohkb, 
3aKJiK)Hennoro MejKfly ocamh KOop^nnaT, nocToanna n paBna a. 

(j) OKpyjKHocTb paflnyea R KaTHTca 6e3 npocKajib3biBanHfl cnapyjKH no OKpyacnocTH Toro 
ace paflnyca R. KpHBaa, onncbiBaeiviaa tohkoh na Bnemnen OKpyacnocTH, na3biBaeTCfl Kapduo- 
udou. 

IlapaMeTpHSOBaHHOH rjia/],KOH peryjiapHoli KpHBoii na iijiockocth Ha3biBaeTC3 rjia^- 
Koe (T.e. SecKonenno /i,H4)4)epeHii,HpyeMoe) oToGpaacenne 7 : [a, b] R^, fljia KOToporo cko- 
pocTb 7(i) 7^ npn jiio6om t. 
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HenapaMeTpH30BaHH0H rjiaflKoii peryjiapHoft KpHBoii na hjiockocth nasbiBaeTCfl nofl- 
MHOJKecTBO njiocKOCTH, aBjiflioii];eecfl oSpaaoM neKOTopoii napaMeTpHSOBaHHoii rjiaflKofi pery- 

JlflpHOii KpHBOii. 

J\ajiee npHjiaraxejibHtie 'rjia^^Kaa peryjiapnaji' onycxaioTCH. (OopMajibHO b p^anuoM xeKCTe 
OHH He HMeioT oT^ejibHoro OT cjioBocoHexaHHa 'rjiaflxaa peryjiapnaa KpHBaa' cMbicjia). 

napaMempu3av,ueu HenapaMerpHSOBaHHofi KpHBoli F C HaatiBaeTCfl jiio6afl napaivieT- 
pH30BaHHafl KpHBaa 7 : [a,b] — > R^, fljia KOTopoii F = 7[a, 6]. HacTO napaMeTpnaoBaHHyio 
KpHByio HasBiBaiOT napaMempu3aii,ueu, a HenapaMeTpnaoBaHHyio KpHByio HaatiBaiOT Kpueou. 

AnanornHHO onpeflejiaiOTCfl KpHBbie b npocTpancTBe. 

2. (a) IIpHBeztHTe npHMep He BsaHMHO o^^HosnaHHOH napaMeTpH3an;HH 7 OKpyjKHOCTH F. 

(b) HpHBe^HTe iipHMep flfiyx pasHbix BsaHMHo oflHosHanHbix napaMexpHsai^HH 71 h 72 oflHofi 
HenapaMeTpH30BaHH0H kphboh F. 

(c) HannniHTe onpeflejieHne napaMeTpnaoBaHHoii kphboh, HenapaMeTpHaoBaHHOH KpHBoii h 
ee napaMeTpH3an;HH b npocTpancTBe. 

(d) * HocTpoHTe SecKOHeHHO ;];H4)4)epeHn;HpyeMoe OTo6pa>KeHHe 7 = {x,y) : [—1, 1] — )■ R^, 
o6pa30M KOToporo HBjiaeTCH iipaMoii yroji (t.c. oS^be^HHCHHC orpcsKOB x [0, 1] h [0, 1] x 0). 

^jiHHOH HapaMeTpH30BaHH0H KpHBOH 7 : [a, b] — )■ R^ (hjih 7 : [a, b] R") nasbiBaexca 

HHCJIO 

L(7) := supd^o^l + \AiA2\ H h |A„_i^„| : a = oo < ai < • • • < a„ = 6, := 7(01)}. 

3. (a) ^jiHHa rpa4)HKa flBaacflbi flH4)4)epeHH,HpyeMOH 4)yHKH;HH y : [a,b] — > R panna 

(b) TeopeMa. ^jiHna hjiockoh napaMeTpHSOBaHHoii KpHBoii 7 : [a, b] R^, j{t) — {x{t),y{t)), 
paBHa 

m= I vm' + m'dt = f \mdt. 

J a J a 

4. BbiHHCJiHTe fljiHHbi napaMexpHsoBaHHbix KpHBbix ox 7(a) flo 7(6) fljia Bbi6paHHbix BaMH 
napaMeTpH3aii,HH (yKaacnxe napaMexpH3aii,Hio abho!) 

(a) BHHXOBOH jihhhh; (b) napaSojibi; (c) cnnpajiH ApxHMefla; (d) ii,HKjiOHflbi. 

5. HafiflHxe 4)opMyjiy fljia fljiHHbi napaMexpHSOBaHHoii kphboh 7 : [a, 6] — > R^ b 
(a) HOJiapHbix; (b) ccJjepHHecKHx; (c) H;HjiHHflpHHecKHx 

Koopzi;HHaxax. 

^jiHHoii HCiiapaMCTpHSOBaHHoii KpHBoil F, HMeion];eH BsaHMHO o;];H03HaHHyio (x.e. He HMe- 
lomyio caMonepeceHeHHii) iiapaMexpH3an,Hio 7 : [a,b] R^ (hjih 7 : [a,b] R"), Ha3biBaexc3 
fljiHHa HapaMexpH3an;HH 7. 

6. TeopeMa. HpHBefleHHoe onpeflejieHHe KoppeKxno, x.e. ecjin 71 h 72 — flBe B3aHMH0 
0flH03HaHHbie HapaMexpH3aH,HH oflHofi HeHapaMexpH30BaHH0H kphboh F, xo L('yi) — ^(72). 

UpedocmepecHceHue: ecjiH npn ;];oKa3axejibcxBe Bbi HCiiojib3yexe cJ^opMyjiy p^jis p^jinHhi napa- 
MeTpH3aLi,HH, TO He 3a5y^bTe ^OKa3aTb, hto OTo5pa>KeHHe 7172^"*^ : [a, b] — ?> [a, b] HMeex b KayK/^oa 
xoHKe HOJiojKHxejibHyio npoH3BOflHyio. BiiponeM, npome flOKa3biBaxb no onpedeAeHuw ^jiHHbi 
HapaMexpH30BaHHoii kphboh. 

KpHBHSHa KpHBblX. 

B 3aflaHax c hehbim 4)H3HHecKHM co^epjKaHHeM cjie^yex iipeneGperaxb pa3MepaMH flBHJKy- 
ni,Hxca o6x.eKxoB (x.e. cnnxaxb hx MaxepnajibKbiMH xoHxaMH) h x. h. 
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0. EcjiH BejiocnneflHCT ^BHaceTca no KpHBOJinneiiHOH flopore c nocTOflHHoii no MOflyjiio cko- 
pocTbK), TO B J11060H TOHKe ero ycKopenne nepnenflHKyjiflpno ero CKopocTH (i.e. nx CKajiapnoe 
npoHSBeflenne paBHO nyjiio). 

1. (a) MoTon;HKjiHCT xohct iipocxaTb no bhhtoboh jihhhh c napaMexpaMH r = 10m, v = 
100m/c a u = 2ttc~^, och KOTopoii iiapajuiejibna noBepxnocTH Sgmjih. C KaKon nocToannon 
CKopocTBK) on floJiJKen exaxt, nxoGbi ne ynacxb? 

npedocmepecHcenue: ypaBnenne BnnxoBon jinnnn ne 06fl3aTej11.no 6yfleT ypannenneivi ^bh- 
acennfl MOTon,HKjiHCTa. 

(b) AMepHKancKafl ropxa HMeex cJ^opMy u;HKjioH;];t>i, Haxo;];fln];eHCfl b BepTHKajitnon njioc- 
KOCTH. BaroHHHK ^BHJKeTCfl iio Heil CO CKopocTbio 1 m/c. ripn KaKofl BbicoTe u;HKjioH^t>i B ee 
Bepxnen xonxe Kjinenx Gy^ex lyBCXBOBaxb neBecoMocxb? HoneMy nepeajincxnnen nojiynenntin 
BaMH oxBex? 

(c) AbxomoShjib e^ex no oxpeaxy cnnpajin ApxHMefla r — (p ■ 1m co CKopocxbio 1 m/c, ne 
nepeccKaa pcKy. t.c. ,;iy'i 99 = 0. C KaKon yrjioBon CKopocxbio Bpani,aexcfl 6eper pexn b cncxeivie 
oxcHcxa aBTOMoSnjiH, Kor^a tot naxo^^HTca: b tohkc c 99 = 7r/2? 

(d) /],an 3JIJIHIIC c iiapaivieTpaMH d = 2 r f = 1. HaH/j,HTe pa^nyc conpHKacaiom,eiicfl oKpy>K- 
nocTH B Tonxe sjijinnca, paBnoy^ajiennon ot (|)OKycoB. 

OKpyacnocTB naatiBaeTCfl conpuKacatomeucA c KpHBoii b Tonxe A KpnBon, ecjin STa OKpyxc- 
nocTb jiynme Bcex OKpyacnocTeii npnGjinjKaeT KpnByio, T.e. ecjin 3Ta OKpyjKnocTb npoxo^nT 
Hcpes TOHKy A, hmcct oGmym c KpnBon KacaTCjibnyio b tohkc A n oGin^ee c KpnBon ycKopenne 
B TOHKe A npn naTypajitnon napaMeTpH3au,HH oGenx kphbbix. (Ecjih b hckotopoh ^cKapTOBon 
CHCTeMe KOopflnnaT flyra OKpyjKnocTH, coflepjKan],afl Tonxy A, hmcct ypannennc y = g{x), n 
flyra KpnBon, coflepjKani,afl Tonxy A, hmcct ypanncnnc y — f{x), to ycjiOBHC conpnKacannfl 
paBnocHjibno TOMy, hto ^jia ncKOToporo G R Bbinojincno A — {xo,f{xo)) — {xo,g{xo)), 



CnopocmbH) (hjih npouseodnou) iiapaMCTpHSOBaHHoii KpnBoil 7 : [a, 6] R^, 7(t) = 
{x{t),y{t)), B TOHKC t G [a,b] nasbiBacTca: bcktop 7(t) = {x{t),y{t)). 

riapaMCTpnaoBannafl KpnBafl naabmacTCfl Hamypcui'bHou, ccjih MOflyjit cc CKopocTH pancn 1 b 
J11060H TonKC HJIH, SKBHBajrcHTno, CCJIH ee j^jmndi, ot flo s paBna s fljifl j[io6oro s. HaTypajEtnyio 
napaMCTpHSOBannyio KpHByio dyj^eM oGosnanaTb nepes a (a ne 7). 

VcKopeHueM (hjih emopou npouseodnou) iiapaMCTpHSOBaHHoii kphboh 7 : [a, 6] R^, 
7(t) = {x{t),y{t)), B TOHKC t G [a, 6] nasMBacTCfl BCKTop 7(t) = {x{t),y{t)). 

2. (a) ^J[3 naTypajibnoii KpnBOii ycKopenne ncpncnflHKyjiHpHO CKopocTH b jno6oH tomkc. 

(b) HaiiflHTC naTypajitnyio napaMCTpH3an,Hio bhhtoboh jrnnnH b bh^c (t{s) — {x{s),y{s), z{s)). 

(c) To >KC fljEfl ii;HKj[OHflbi B BHflC a{s) — {x{s),y{s)). 

(d) JIio6afl HcnapaMCTpHSOBannafl KpHBaa, HMeioin;afl BsaHMHO oztnosnaHnyio napaMCTpn- 
3aLi,Hio (t.c. iiapaMCTpH3an;Hio 5c3 caMOiicpcccHCHHtt) , hmcct cflnncTBcnnyio (c TomocTbio flo 
c/j,bhib) naTypajibnyio napaMCTpH3aii,Hio. 

(c) HpHBCflHTC npHMcp ncnapaMCTpH30BaHnoH KpnBoii c Oflnoii tohkoh caMoncpcccncnnfl, 
HMCioni,CH 6oj[CC OflHOH naTypajibHoii napaMCTpH3an;HH. 



PucynoK 0: npueusna Kpueou 
3a4)HKCHpyeM opHeHTan;Hio iijiockocth. KpHBHSHoii b tohkc Sq ujiockoh naTypajibHOH iia- 
paMCTpH30BanH0H KpHBoit a Ha3biBacTCfl HHCJio A;(so), paBHoc no MOflyjiio nncjiy |(t"(so)| h 



f\x,)=g\x,),f"{x,)=g"{x,).) 
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coBnaflaioin,ee c hhm (hjih npoxHBonojioacHoe eiviy) no snaKy, ecjin BeKTopti cr'(so) h a"{so) 06- 
paayiOT nojioacHTejibHMii (oTpHii;aTejii>Hi>iH) 6a3HC. Hhmmh cjiOBaMH, /c(so) := c'(so) A(7"(so)- 
KpHBHSHoii B TOHKe A — cr(so) HciiapaMeTpH30BaHH0H KpHBoii r c HaTypajiBHoii napaivieTpH- 
3aii;HeH a nasbiBaeTca hhcjio k{A) := k{so). 

3. (a) KpHBHsna HaxypajiBHO napaMeTpnaoBaHHoii KpHBoii paBna yrjiOBofi CKopocTH Bpa- 

meHHH BCKTOpa CKOpOCTH. 

(b) TeopeMa. KpHBHsna HenapaMeTpnaoBaHHOH kphboh c nponsBOJiBHOH napaMeTpnaai^H- 
eii 7 B TOHKe j{t) paBna OTHomeHHio npoeKn;HH ycKopennfl ^(t) na npaMyio, nepneHflHKyjiflpHyio 
CKopocTH j^t), K KBaflpaTy MOflyjia CKopocTn: 



I ^ I ^ 1 .37^ I I ' 

r^e apryMCHT t 4)yHKii,Hii b iipaBbix nacTax iipoiiymen. 

fl^BSi noflMHOJKecTBa npocTpancTBa R" HasbiBaioTca o6zeMAeMO usoMempuHHUMU, ecjiH mcjk- 
fly HHMH cymecTByeT o6'5eMAeM(m uaoMempuA (flBHJKeHne), T.e. coxpaHfliomee paccTOflHHfl (b 
R"!) OToSpajKeHHe R" — > R", nepeBOflamee nepBoe noflMHoacecTBO bo BTopoe. 

4. (a) TeopeMa. fl^Jis jiioSoh 4)yHKn;HH A; : R — >■ R cyiii,ecTByeT h eflHHCTBeHHa (c tohhoctbk) 
flp o5teMjieMOH HsoMeTpHn) njiocKaa naTypajiBHaa napaMeTpnaoBaHHafl KpHBaa o" : R — )• R^, 

fljiH KOTopoii k{a{s)) = k{s). 

(b) CjieflCTBHe. fl^Be luiocKHe HecaMonepeceKaiomHeca HenapaMeTpHsoBaHHtie KpHBbie 061.- 
eMjieMO H30MeTpHHHbi Tor^a h tojibko Tor^a, Kor^a 4)yHKi];HH kphbhshbi hx HaTypajiBHtix na- 
paMeTpH3aii,Hii OTjiH'iaioroi c^bhi'om 11, BOSMoacHO, snaKOM, t.c. KOi'^a cymccTByeT hhcjio a, 
fljiH KOToporo jih6o o"2(s) = + a) iipH jiio5oM s, jih6o (72(5) — ai{—s + a) npn JI1060M s. 

(c) To JKe, HTO B (b), ^JIH SaMKHyTblX KpHBBIX. 

(d) * (l>yHKii,H3 /c : S*^ ^ R kphbhshbi saMKHyxoH njiocKoit napaMexpHsoBaHHOH KpHBoit 
7 : 5"^ — >■ R^ HMeeT no Kpanneii Mepe neTbipe (necTpornx) SKCTpeMyivia. 

(e) * ^Jia jnoSoii 4)yHKn;HH A; : jS"^ — )■ R, HMeion],eH no Kpanneii Mepe neTbipe (necTpornx) 
3KCTpeMyMa, cymecTByex n e^^nncTBeHHa (c tohhgctbk) o6teMjieMOH hsomctphh) saMKHyTaa 
njiocKaa HaTypajiBHaji iiapaMeTpHSOBaHHaH KpHBaa a : ^ R^, fljm KOTopoil k{a{s)) = k{s). 

(f) KaKHe rjiaflKHe njiocxne HecaMonepeceKaioni,Hec3 KpnBbie N hmciot cjieflyioni,ee cboh- 
CTBo: fljia jiioSbix flByx Tonex x,y & N cyn^ecTByex ^BnjKenne njiocKOCTn, nepeBOflflni,ee x b y, 
aN B ce6fl? Cp. [SklO]. 

(g) To ace fljifl npocTpancTBennoro cjiynaa. 

CKopocTb napaMeTpHsoBaHHOH KpHBofi H HaTypajiBHaa napaMeTpn3an;nfl onpe^ejifliOTCfl 
fljiH iipocTpancTBa R^ (hjih R") anajiorn'^HO cjiynaio hjiockocth. 

KpueusHou B TOHKe So iipocTpaHCTBennoH naTypajibHon napaMexpHsoBaHHon KpnBoil a na- 
3BiBaeTca nncjio fc(so) '■= W'{^o)\- KpnBnana npocTpancTBennoii nenapaivieTpnaoBannon Kpn- 
BOH onpe^ejifleTCfl ^ocjiOBno Tax ace, xax njiocKon. 

SaMeTHM, HTO KpHBHSHa KpHBOH, paccMaTpHBaeMOH KaK KpHBaa B njiocKOCTH, MoaceT OT- 

JIHHaTBCH SHaKOM OT KpHBHSHbl TOH JKe KpHBOH, paCCMaTpHBaeMOH B IipOCTpaHCTBe. 

5. k{'~f{t)) = I7 X 7|/|7|^ flJis npocTpancTBennoH napaMeTpnaoBannon KpnBon 7. 
yKaaaHHa. 

1. (b) HycTb ypaBnenne n;nKjiOH/j,bi j{t), a ypaBnenne ^Bnacenna Baronnnxa no nen a{s), 
npnHeM a{0) =7(0). ^ajiee cm. yxaaanne k 3b. 
(c) Cm. 3a. 
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3. (a) HycTi. (7 — Kama KpHBaa. 06o3HaHHM q;(s) := Z{a'{s),Ox). Torfla(j'(s) = (cos q;(s), sin a (s)). 
SnaHHT, a"{s) — {— sin a{s), cos a{s))a'{s). HosTOMy a'{s) — k{a{s)). 

(b) B 3T0M pemeHHH npoH3BOflHi>ie BeKTop-4)yHKn;HH 7 SepyTca no napaMexpy t b tohkb t, 
a npoH3Bo;];HL.ie BeKTop-(J)yHKu;HH a 6epyTCH no napaMexpy s b Tonxe l{t) := \'j{t)\dt. 

TaK KaK I a' I = 1, to 7 = cr'\'y\. (HnTerpnpya 3to cooTHomenHe, nojiynaeM a{l{t)) = 7(t).) 
^H4)4)epeHn,Hpyfl sto cooTHonienHe n ncnojibsyfl I — \^\, iiojiynaeM 7 = (T"|7p + a'|7|j. H3 
SToro H cr" _L 7 BbiTexaeT 7 A 7 = c'"|7|^ A 7 = — A;|7p. 

4a. riycTb a — ncKOMaa KpHBaa. BosBMeivi cncTeiviy KOopflnnaT Oxy, fljia KOTopon a{0) — 
(0, 0) H ocb Ox conanpaBjiena c cr'(O). Onpejxeji'HM 4)ynKn;HH x, y : R — )■ R paBencTBOM a{s) = 
{x{s),y{s)). 06o3nanHM q;(s) := Z{a'{s),Ox). Tor^a (t'(s) = {x'{s),y'{s)) = (cosa(s),sinQ;(s)). 
Ho 3a a'{s) = k{a{s)). HosTOMy fljia nocxpoenna hckomoh kphboh nyjKno B33Tt> 

rs rs rs 

a{s) — / k{s)ds, x{s) — / cosa{s)ds n y(s) — / sin Q;(s)ds. 
Jo Jo Jo 

Kpy^eHHe npocTpaHCTBeHHMx kphbmx. 

1. B neBecoMOCTH MOTon,HKjiHCT e^eT co CKopocTtio 1 no bhhtoboh jihhhh c napaMexpaMH 
r,viiuj. Han^^HTe yrjioByio cKopocTb Q{t) Bpan^ennji njiocKOCTH KOJieca (coflepjKani,eH BeKTopti 

CKOpOCTH H yCKOpeHHa) B 3aBHCHMOCTH OT BpeMCHH. 

napaMeTpH30BaHHaH KpnBaa 7 Ha3t.iBaeTCH BupesyAfipuou, ecjin BeKTopbi 7(t) n 7(t) jin- 
nefino He3aBHCHMbi jiioSoro t. HenapaMeTpH30BaHHafl KpHnaa 7 nastiBaeTCfl 6upeeyAsipHou, 
ecjiH ona nivieeT Snperyjiflpnyio napaMeTpH3an,Hio. 

2. (a) HpHBeflHTe npniviep (rjia^Kon peryjiapnon) HenapaMeTpH30BaHH0H KpHBoii, ne jiBjifl- 
ioni,eHC5i Gnperyjiflpnoii. 

(b) JJ;Be napaMeTpH30BaHHi>ie KpnBbie c oflnnaKOBbiM o6pa30M SnperyjiflpHbi hjih nex oflno- 

BpeMCHHO. 

3. (a) Hpn KaKHx a o6pa3 napaMeTpH30BaHnoH kphboh 7(t) = (e*, 2e~*, e"*) jie>KHT b hcko- 

TOpOH njIOCKOCTH? 

(b) 06pa3 napaMeTpH30BaHHOH Gnperyjispnoii KpnBon 7 jieacHT b neKOTopoii njiocKOCTH 
Tor^a H TOJiBKO Tor^a, Kor^a 'y{t) A j{t) A 7 {t) — fljia jiioSoro t. 

KpyneHHeM b tohkc sq npocTpancTBennoH GnperyjiJipHOH naxypajibnoH napaMeTpH30BaH- 
Hoii KpHBoii a Ha3biBaeTCH yrjiOBaa CKopocTB x(so) Bpam;eHHH conpunacamvueucH iijiockocth 
(x.e. njiocKocTH, coflepjKan^eii BCKTopbi CKopocxn n ycKopenna). 3Ta CKopocxb 6epeTCH co 3Ha- 
KOM njiioc (Mnnye), ecjin BeKTopti CKopocTn, ycKopennfl n npoH3BOflHOH ot ycKopennfl o6pa3yiOT 

nOJIOJKHTejIBHblH (0TpHn,aTejII>HbIH) 6a3HC. 

4. HannniHTe onpeflejienne KpyHennji HenapaMeTpH30BaHH0H Gnperyjiflpnoii KpnBon. 

5. nycTb a — 6HperyjiflpHafl naTypajibnaa napaMeTpH30BaHHaa xpHBaa. B SToii 3aflaHe 
npoH3Bo;];Ht>ie 6epyTCH no ee napaMexpy s. 06o3HanHM w := o"' n n := a" /\a"\] van Ha3i>iBai0TCfl 
BCKTopaMH cKopocmu H HopMUAU H BMccTe c V X fi o6pa3yioT penep 0peHe. 

(a) cr" 7^ (t.c. oupe/j,ejieHHe BeKTopa nopMajin KoppeKTno). 

(b) n' — —kv fljifl njiocKoro cjiynaa. 3Ta 4)opMyjia BMecTe c 4)opMyjiOH v' — kn Ha3i.iBai0TCfl 
^opMyAGMU 0peHe na n/iocKocmu. 

(c) X paBHO npoeKn;HH BCKTopa n' na nanpaBjiennyio oct, nepnenflHKyjiflpnyio BOKTopaM 
CKopocTH H ycKopenHH: x = n' ■ {v x n) = v An An' . 

(d) n' = —kv + x(v X n). 

(e) b' = ~a", me b -.^ a' x a"/\a"\. 
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OopMyjibi H3 n. (d) h (e) BMecTe c (jaopMyjiofi v' — kn naabiBaiOTca (fiopMi/AaMU 0peHe e 
npocmpaHcmee. 

b. (a) X = — ^jm DHperyjiapHOH naTypajibHOH iiapajvieTpHSOBaHHOH kphboh a. 

k 

7 A 7 A 7 

(b) x(7(i)) = -p rp- flJifl SnperyjiflpHoii napaMeTpnaoBaHHOH kphboh 7 (ne oSaaaTejibHO 

HaxypajiBHOH; apryivieHT t 4)yHKH;HH b npaBott Macxn nponymen) . 

(c) * TeopeMa. /Jjih jiio6bix 4)yHKii;HH A; : R — > (0, +cxd) h x : R — ?> R cymecTByeT h 
e;];HHCTBeHHa iipocTpaHCTBeHHaa GnperyjiapnaH HaTypajibHO napaMeTpHSOBaHHaa KpHBaa a : 
R R^, fljia KOTopoH k{a{s)) = k{s) h x(a(s)) = 

yKasanne: fljia aaflaHHtix 4)yHKn;HH /c h k napa BexTopoB (^,71) OflHOSHaHHO onpeflejiena 
BBHfly (|)opMyji Opene v' — kn n n' — —kv + x{v x n). 

(d) C4)opMyjiHpyHTe h flOKajKHTe anajior cjie^CTBHa 4b h3 npeflbiflyiii,eH TeMbi fljia npo- 

CXpaHCTBeHHblX KpHBblX. 

YKasaHHa. 

1. YrjioBaH CKopocTb BpameHHa hjiockocth paBHa yrjioBoii CKopocxH BpameHHa Bexxopa, 

HOpMajIbHOrO K 3T0H HJIOCKOCTH. EcjIH HJIOCKOCTb COflepXCHT BeKTOpbl CKOpOCTH H yCKOpeHHa, 
TO 3T0T HOpMajIbHblii BCKTOp paBBH BeKTOpHOMy npOH3BefleHHIO BeKTOpOB CKOpOCTH H yCKO- 

peHHfl. YpaBHeHHe bhhtoboh jihhhh ^{t) — {r cos out, r sin out, vt). 06o3HaHHM ou ~ 
Torfla ypaBHCHHe flBHacenHa MOToii,HKjia a{s) = {r cosous,r sinous, ). Haxo- 



^ = ^- ^^^^^ J ^^^^^^^^^^^ ^ / V' ^^■^■~>^;' 

yr^uj^ + V ^ 

flHM 

= (rcjsincJs, rciJcosaJs, — —), cr"(s) = (— r(j^ cos(I;s, rcJ^ sinoJs, 0). 

UJ 

^ ^. . VUJ 

OTCiOfla nojiynaeM otbct \l[t) — . 

_|_ ^2^2 

2. (a) HpHMaH. 

(b) SaMena napaivieTpa MeHsieT tojibko KacaTejibnyio cocTaBjiaiomyio BexTopa CKopocTH. 
5b. YrjiOBaa CKopocTb BpameHHa BCKTopa n paBna yrjiOBofi CKopocTH Bpan];eHHfl BCKTopa 

V, HOCKOJIbKy 3TH BeKTOpbl HepHeHflHKyjIflpHbl. 

6b. B 3T0M pemeHHH HpoH3Bo;];Hbie BeKTop-4)yHKH;HH 7 6epyTCfl ho napaivieTpy t b xoHKe t, 

a HpoH3BOflHbie BeKTop-4)yHKH,HH (7 H 6 SepyTCfl HO HapaMexpy s b tohkb l{t) :— \'j{t)\dt. 

I X , / X cr' X cr" 

Kpynenne paBHO yrjiOBofi CKopocTH BpaH],eHHfl (ho napaMexpy s) BexTopa b\s) :— — —-. — . 

TaK |fe(s)| = 1, TO x(7(t)) = Tax xax hjiockocth, o6pa30BaHHbie napaiviH bcktopob {a', a") 
H (7,7), coBHa^aioT, TO 7 X 7 = r^e u :— I7 x 7|. ^H4)4)epeHH,Hpya ho t, HOJiynaeivi 
7 X 7 = i/6'|7| + v'^b. yMHOJKaa CKajiapno na 7, HOJiynaeivi 

7 A 7 A 7 = i^n\b ■ 7 = — — = 
Sflecb HocjieflHee paBencTBo BbiiiojiHeHo, nocKOJibKy 6' _L 7 h 6' ± 6, oTxy^a b' \\ a". 
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HHCJIOBME KPHBH3HM nOBEPXHOCTEH 

IIOBepXHOCTH . 

riofl (nenapaMempuaoeaHHOu) noeepxHocmhto flanee mojkho noHHMaTb noBepxHOCTi. spa- 
iii,eHHfl (rpa4)HKa GecKoneHHO flH4)4)epeHi];HpyeMoii nojioacHTejitHoii d^ymaxym) . 

I\.^vmej\eM Gojiee o6ii];ee onpe^ejieHHe. rTycTb D — saMKHyTbiii Kpyr hjih npaMoyrojibHHK 

Ha njIOCKOCTH. 

HecaMonepeceKaiomeftca KOMnaKTHoft rjia/i,Koft peryjiapHoli napaMeTpHSOBan- 
Hoii noBepxHOCTBK) c KpaeM HasMBaeTca Taxoe SecKoneHHO flH(|)(J)epeHii,HpyeMoe OToSpaace- 
HHe r : D — > (hjih, hto to jkb caMoe, ynopflflOHeHHafl TpoHxa OToSpaacenHii y, z : D — > R), 
KOTopoe HHteKTHBHO (t.g. BsaMHO oflHOSHaHHO c o6pa30M) H npoH3BOflHafl KOToporo (T.e. Hapa 
BeKTopoB (r^jr^,)) jiHHefiHO nesaBHCHMa npn jiio6t>ix {u.v) G D. 

Bee BcxpenaiomHeca napaMerpHSOBaHHbie iiobcpxhocth cHHTaioTCH HecaMonepeceKaioni,H- 

MHCfl KOMHaKTHblMH TJiaflKHMH peryjISpHblMH, H 3TH HpHJiaraTejIbHbie OHyCKaiOTCfl (cMblCJI 

KajKfloro H3 3THX HpHjiaraTejibHbix ho OT^ejiBHOCTH B Kypce He HCHOJitayeTCfl h HOTOMy ne 
OHpe^ejifleTCfl) . 

dAeMenmapHOU (HecaMonepeceKawui^eucsi KOMnanmHou ZAadnou pesyAsipHou) uenapaMem- 
pusoeaHHOu noeepxHocmhw c npaeM HasbmaeTca o6pa3 r{D) HapaMeTpHSOBaHHoil iioBepxHocTH 
r c KpaeM. 3Ty napaMexpHaoBaHHyio noBepxHOCTb nasbiBaiOT napaMempuaav^ueu oSpasa r{D), 
HJIH napaMempuHecKUM ypaeneHueM oSpaaa r{D) {hjih cucmeMou Koopdunam c KOopflnnaTHbiM 
HpocTpancTBOM D Ha r{D)). 

HenapaMempusoeaHHOu noeepxHocmtK) (HecaMonepeceKawmeucsi KOMnanmHou ZAadnou pe- 
dyAHpHou) HasbiBaeTca orpaHH^eHHoe noflMHoacecxBo 11 C R'^, fljis jiio6oh tohkh P e 11 koto- 
poro cymecTByeT Taxaa ee saMKHyTaa OKpecTHOCTi. OP b R^, hto H H OP flBjiaeTca sjieivieH- 
TapHoii HeHapaMeTpH30BaHH0H noBepxHOCTbio c KpaeM. ^ajiee HecaMonepeceKammaACH kom- 
naKmnasi SAadKasi pesyAApnaA HenapaMempuaoeaHnaH noeepxHocmb HasbiBaeTCfl C0KpaHi,eHH0 

nOBepXHOCTbK) . 

rioBepXHOCTH IipOH3BOJIt>HOH paSMepHOCTH B eBKJIHflOBOM HpOCTpaHCTBe R™ HpOHSBOJIBHOH 

pasMepHOCTH onpeflejifliOTCfl aHajiornHHo. /],ajiee, ecjin ne oroBopeno npoTHBHoe, paccMaxpn- 
BaiOTCfl flByMepHbie noBepxHOc™ b R^. 

1. ^aHTe reoMeTpHHecKHe hjih KHHeMaTHHecxne OHpeflejreHHfl cj[eflyiOHi,Hx HOflMHOJKecTB b 

R^ H ^OKaaCHTe, HTO OHH 5IBJ[5II0TC5I (HeHapaMeTpH30BaHHbIMH) HOBepXHOCTJIMH. 

(a) KBa^ipax co CTopoHOH a na njiocKOCTH; 

(b) 6oKOBa3 noBepxHocTb iipHMoro KpyroBoro ii,HjiHHflpa paflnyca R h bbicotbi h; 

(c) GoKOBaa noBepxHOCTt npaMoro KpyroBoro yceneHHoro Konyca; 

(d) c4)epa paflHyca R; 

(e) Top c paflHycaMH R h r; 

(f) jiHCT MeGnyca; 

(g) iiOBepxHOCTb BpameHHH; 

(h) ce^jioo6pa3Haa noBepxHOCTb z — xy, x^ + y'^ < 1. 

HapaMeTpbi noBepxHOCTefi HyjKHbi ne fl,jia. flOKaaaTejibCTBa, a fl,jia. flajibHeiiniHx ccmjiok na 
3Ty aaflany. 

06T>eMJieMaa h BHyTpeHHaa HSOMeTpHH. CKajiapnaa KpHBHsna. 

HanoMHHM, HTO /j,Ba iio/j,MHoacecTBa iipocrpaHCTBa R" nasbiBaiOTCfl o6'5eMAeMO uaoMempuH- 
HUMU, ecj[H MejKfly hhmh cymecTByeT o5'5eMAeMaA uaoMempuA (flBHJKeHne), T.e. coxpaH5iion],ee 
paccTOflHHfl (b R"!) OToSpajKenne R" — > R", nepeB0fl5inj,ee nepBoe bo BTopoe. 
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flpe (HeiiapaMeTpH30BaHHi>ie) iioBepxHOCTH naabiBaiOTca enympeHHe uaoMempuHHUMU, ec- 
jiH MejKfly HHMH cyiii,ecTByeT eHympeHHAA uaoMempuA, T.e. OToSpaaceHne OflHoii b flpyryio, 
coxpanaiomee fljiHHbi Bcex kphbbix. 

Bojibinaa nacTb ^^ajibHefimero Maxepnajia MOTHEHpoBana cjie;];yioiri;HMH pfiyMS npoSjieiviaMH: 
onpeflejiHTb, sBjiaioTCH jm flaHHBie (HenapaMeTpHsoBaHHbie) noBepxHocTH 

• BHyTpeHHe H30MeTpHHHbIMH? 

• oSlieMJieMO HSOMeTpHHHBIMH? 

2. (a) ripflMoyrojiBHHK na hjiockocth BHyTpeHHe HaoMeTpHHen HeKOTopoii nacTH jiioSoro 
TaKoro n;HjiHHflpa, y KOToporo flnaivieTp 6ojibme CTopoHbi npaMoyrojibHHKa. 

(b) E;];HHHHHbiH KBazi;paT na hjiockocth BHyTpenne HSOMCTpHHeH HeKOTopoii nacTH Topa, 
sa^aBacMoro b ypaBHeHHHMH + + xl + xl = 1, x\ + x\ = x\ + x\. 

(c) HpaMoyrojibHHK na hjiockocth ne 5iBj[fleTC5i o6T>eMj[eMO H30MeTpHHHbiM HHKaKoii nacTH 
HHKaKoro H;Hj[HHflpa. 

3. (a) C4)epa h HjrocKOCTb ne 5ibj[5iiotc5i BHyTpenne H30MeTpHHHbiMH. 

(b) HHKaKOH Kpyr na hjiockocth ne 5iBj[5ieTC5i BHyTpenne naoMeTpHnnbiM nnKaKOH nacTH 
c4)epbi. 

(c) HnKaKoil Kpyr na c(j3epe o;],Horo pa^nyca ne SBjiaeTca BHyTpenne naoMeTpninbiM nn- 
KaKoii nacTH ccjiepbi ^pyroro pa^nyca. 

PaccmoAHueM no noeepxHocmu H Meac^y TOHKaM P, X e H nasbiBaeTCJi nncJ^HMyM |-P, X| 
flj[Hn KpHBbix na stoh noBepxnocTH, coeflHnfliOH],Hx P vlX. Hcho, hto eHympeHHAA uaoMempuA 
coxpaHHem paccmofiHUH no noeepxHOcmu. OGpaTHoe (t.c. to, hto OToSpaaceHHe, coxpaHHioio;ee 
paccTOHHHH iio iioBepxHocTH, coxpaHHCT ^jiHHbi Bcex KpHBbix Ha HOBepxHocTn) GyfleT flOKasano 
HHJKe c HCiiojibsoBanneM pHManoBoii MeTpHKH. 

Kpye H onpycHCHOcmb na nonepxnocTn onpe^ejiaiOTca anajrornHno cjiynaio hjiockocth (nepea 
paccTOflnne no noeepxHocmu) . fl^jia nonepxHOCTH U n tohkh P 6 H oSoanannM nepea Lu,p{R) 
fljrnny OKpyjKnocTH na 11 pa^nyca R c n;enTpoM b TOHKe P e H. 



PucynoK 1: CKajmpnoM Kpueuana noeepxHocmu. 

Hpn pemennn aaflann 3 ecTecTnenno BoannKaeT cj[eflyioni,ee naxcnoe nonaTne. CKajiapHoii 
KpHBHSHoii nonepxnocTH H bo BnyTpennen TOHKe P nasbinaeTCfl hhcjio 

2nR-LnAR) 
r = Tn,p := 6 lim — . 

JXajiee jiJiii CKajiapnon n flpyrnx KpnBnan P n 11 nponycKaiOTca h3 oGoanaHennn, nocKOJibKy 

aCHbl H3 KOHTCKCTa. 



n 




T > 




27iR - L{R) 



(b) npe;],eji, oiipe^eji5iiom,HH CKajiapnyio KpiiBiiSHy, cymecTByeT. 

tttP^ 

(c) Ln,p(P) = 27rP — + 0{R^) [Gr90, BBB06]. 
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YKasaHHe: ecjiH ne nojiynaeTca, to BepHHxecb k aa^ane nocjie HsyneHHa xeMbi 'PHManoBa 
MexpHKa. HpHMeHeHHe k HsoMexpnaM'. 

5. (abed) BbiHHCJiHxe CKajiapnyio KpHBHsny xoneK h3 sa^ann labcd xeMbi 'noBepxHocxn'. 
(e)* CKajiapnaa KpHBHsna b xohkc (0, 0, 0) oxpHii;axejibHa ce;];jioo6pa3HOH noBepxHocxH 

z = xy, + < 1. 

6. (a) KaK HSMenaexca CKajiapHaji KpHBHsna npn roMoxexHH npocxpancxBa? 

(b) BHyxpeHH33 HSOMexpna coxpanaex CKajiapnyio KpHBHsny. 

(c) * CymecxByex jih oxo6pa>KeHHe noBepxHocxeft, coxpanaiomee cKajiapnyio KpHBHsny, ho 
He HBjiaiomeecs BHyxpeHHeii HsoMexpHeli? 

(d) * TeopeMa. 3jieMeHxapHa5i HenepaMexpHsoBaHHasi ^ByMepnas noBepxHocxt. Bnyxpenne 
HSOMexpHHHa HeKoxopoH HacxH njiocKocxH xor^a h xojibko xor^a, Kor^a ee CKajiapHaa (hjih 
ceKitHOHHaa, hjih rayccoBa, cm. ^ajiee) KpHBHsna paBHa nyjiio b KajK^oii xohkc [MF04, Ra04]. 

^Ji3 ;];oKa3axejibcxBa sxoii npocxo (|)opMyjiHpyeMOH xeopeMbi (xax h ^jia nojiyneHna 4)op- 

Myjl flJI3 BblHHCJieHHa CKajIJipHOH KpHBH3HL.l) HyjKHO HSyHHXb HOHXH BCCb HaCXOHmHH Kypc! 

Iljiomaflfa noBepxHOCTH. 

Iljiomaflbio nasbiBaexcH oxo6pa>KeHHe S h3 ceMeiicxBa Bcex ^ByMepHbix noBepxHocxeii b 
jiyn [0, +oo), fljis Koxoporo BbinojineHBi cjie^yiomne ycjioBHa. 

(a^HXHBHOCXb) EcjIH 11, 11' H 11 U 11' HOBepXHOCXH, npHHCM 11 fl 11' 3BjiHexca o6x.eflHHeHHeM 
He 6ojiee hcm cnexHoro ceMeiicxBa KpHBbix, xo ^(n U 11') = S'(n) + 5'(n'). 

(mohoxohhocxb) Ecjih / : n — >■ /(H) — ne yBejiHHHBaiomee fljiHHbi kphbbix oxo6pa>KeHHe 
MejK^y noBepxHocxHMH, xo S{f{U)) < 5'(n). 

(nopMHpoBKa) rijioma^b e^HHHHHoro KBa^paxa na hjiockocxh paBHa 1. 

TeopeMa o njioiij,a/i,H. Tanoe omoBpaotceHue cym,ecm6yem u eduHcmeeHHO. 

B cjie^yiomHX 3a;i,aHax[2l (xpoMe 4bd) mojkho nojibsoBaxbca cym,ecmeoeaHueM h3 xeopeMbi 
o njioma^^H (a xaxace aHajiorHHHofi xeopeMofi h bccmh ;i,pyrHMH pesyjibxaxaMH njioma^^efl 
njiocKHx 4)Hryp). B npeflnojiojKeHHH cymecxBOBaHHa mojkho naiixH iijioiixa.j\b npoHSBOJiBHofl 
noBepxHocxH h sxhm ^^OKasaxb eduHcmeeHHOcmh. ^ajiee, ne ucnoAtsyR npednoAootcenue o cy- 
mecmeoeaHuu, mojkho npoBepnxb BbinojineHHe cbohcxb njioma^^H jiJiii Hafi;];eHHoro oxo6pa>Ke- 
HHa S H 9XHM flOKasaxb cymecxBOBaHHe. 

1. BnyxpeHHSia HSOMexpna coxpanaex njioma^H. 

2. (a) HjiomaflB c4)epHHecKoro flByyrojiBHHKa c yrjioM a h flnaMexpajiBHO npoxHBonojiojK- 
HbiMH BepniHHaMH paBHa 2a. 

(b) TeopeMa. Hjioma^t. ccJjepHHecKoro xpeyrojibHHKa c yrjiaMH a, /3 h 7 paBHa q;+/3+7— tt. 

(c) TeopeMa. Hjionia^b ccjDepHHecKoro MHoroyrojitHHKa c yrjiaMH paBHa 
ai H \- an - (n- 2)tt. 

3. (a) Hjionia^b Kpyra pa;i,Hyca R na c(|)epe paBHa 27r(l — cosR). 

(b) Hjionia^b HOBepxHocxH, oGpasoBannoH BpamenneM rpa(|)HKa (|)yHKn,HH / : [a, b] — ?■ 
[0, +00) BOKpyr ocH Ox, paBHa 27r /(x)a/1 + f'{xY dx. 

4. (a)* TeopeMa. njioni;aflb sjieMeHxapnofi HenapaMexpHaoBaHHOH noBepxHocxH r{D) paB- 
Ha S{r{D)) = / X ry\dudv [Ra03]. 

(b) ^OKaJKHxe 6e3 HCHOjibsoBaHHa xeopeMbi o njioiixa.jxR, hxo ir^ejxbijx^iixee BbipaaceHHe ne 
saBHCHx ox BBiGopa HapaMexpH3au;HH r. 

(c) ^oKajKHxe eduHcmeeHHOcm'b b xeopeMe o njiouxajxn (npe^^nojiaraa cyn],ecxBOBaHHe). 

^PemeHHH aa^an h3 stoh tcmijI oco6eHHo noAeano nposepHTb c npenoflaBaTejiCM. 
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(d)* /],oKajKHTe cymecmeoeaHue b Teopeivie o njiomaflH (ne iipeflnojiaraa eflHHCTBeHHOCTn!). 
^jifl npoBepKH MOHOTOHHOCTH nojiesHO noHflTHe pHMaHOBoii MBTpHKH, onpeflejieHHoe HHace, cm. 
[Gr94]. 

5. 06o3HaHHM Hepes Su p{R) njioiii,afli> Kpyra na U paflnyca R c i];eHTpoM b TOHxe P e H. 

(a) LnAR) = S'u,piR)-' 

(b) T = 24 hm ' 

(c) * SuAR) = - 7^7^^ + 0{R^) [Gr90]. 

CKcUiapHcia KpHBH3Ha (o6o6iii;eHHe). 

^jifl TpexMepHoii noBepxHOCTH 11 C R"* h tohkh P e 11 o6o3HaHHM nepea Su,p{R) njiomafli. 
ccj^epbi Ha n papjijca R c ii;eHTpoM b TOHKe P e H. CKcUiapHoft kphbhshoh noBepxHOCTH H 

B TOHKe P HasbiBaexca hhcjio 

47rP^ - SuAR) 

T — Tup ■— lim , , , , — — . 

R-^o (4/3)7rP4 

1. BbiHHCJiHTe CKajispnyio KpHBHsny ToneK cjieflyiomnx xpexMepHbix noBepxHOCTefi b R^: 

(a) rHnepnjiocKOCTH R^; (b) n;HjiHH^pa S"^ x R; (c) mijiHH^pa x R^; 

(d) KOHyca = + + z'^; (e) ccjjepbi S^; (f)* ropa x S^. 

AHajiorHHHO iijioma/j,H /j,ByMepHbix iioBepxHOCTeii oiipe^ejiHeTCH n-MepHBiii oSteivi n-MepHbix 
iioBepxHocxeii. AHajiorHHHo ^ByMepnoMy cjiynaio flOKasbiBaexca xeopena o cymecxBOBaHHH h 
eflHHCXBeHHOCXH n-MepHoro oSijeMa, a xaKsce cjieflyromHii peayjibxax: 

n-McpHuu o6'6e.M aAeMenmapHou nenapaMempusoeaHHOu noeepxHocmu r : D ^ R"^ paeen 
V{r{D)) = f ■ ■ ■ Jjj \rui A ■ ■ ■ A ru„\dui . . . dun- 3fl,ech |r„^ A ■ ■ ■ A ru„\ — n-MepHbiH oS-beivi n- 
MepHoro napajiJiejieiiHiie^a, HaTHHyxoro na BeKxopbi , . . . , ru„ ■ 

Hycxb n > 2 H n — n-Mepnaa noBepxHocxb b npocxpancxBe R"*. 06o3HaHHM nepea 

• Vn n-MepHbiH oS-beM mapa pa^Hyca 1 b R", 

• Sn {n — l)-MepHbiH oG-beM noBepxHOCxn mapa pa^Hyca 1 b R", 

• Vu,p{R) ?7--McpHbm oG'heM mapa na IT pa^nyca R c ii;eHxpoM b xohkc P G 11, 

• SuAR) ('^ ~ l)-MepHbiH oGteM noBepxHocxH mapa na 11 paflnyca R c ii;eHxpoM b xohkc 

Pen. 

CKajiapHOH KpHBHSHoii noBepxHOCXH n B xoHKe P Hasbmaexca hhcjio 



Tu,p := 6 lim 



S'„P" — Su,p{R) 



2. (a) TaKofi npej^eji cym,ecxByex. 

(b) SuAR) = VnAR)- 

(c) Sn = nVn. 

(d) r = 6(n + 2) lim "/"f 

(e) * Vp{R) = VnR^ - + 0(P"+") [Gr90]. 

3. TeopeMa. BHyxpeHHSfl H30MexpHfl coxpaHaex CKajiapnyio KpHBHsny. 
(^OKajKHxe c Hcnojib30BaHHeM n-Mepnoro anajiora xeopeMbi o njiom,aflH.) 
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FjiaBHIjie KpHBH3HbI. 

1. HycTb aaflana CHCTeMa ToneK A^, . . . ,As c MaccaMH mi, . . . , mg. MoMenmoM uHepvi,uu 
SToii cHCTeMM OTHOCHTejibHO npflMOH I HasMBaeTca HHCJio — m\\Ail\'^ + • • ■ -\-ms\Asl\'^, r^e 
\Ail\ — paccToaHHe ot tohkh A^ jip npaMoii 

(a) HycTb I^M I_ — HanGojibinee h HaHMenbinee SHaneHHH MOMenxoB HHepii;HH OTHOCHxejib- 
Ho npsMbix Ha iijiocKOCTH, npoxo^jiin,HX nepea (|)HKCHpoBaHHyio TOHKy O (bosmojkho, /+ = /_). 
BosBMeM o^Hy h3 npaMBix Z+, ^jih Koxopoii /(/+) = /+. Tor^a /(/) = /+ cos^ ip + I- s\t? 99, r^e 

(b) * B npocTpancTBe cymecTByiOT xpn Taxne npsMBie h,l2,h, npoxo^^amne nepes O, hto 
jljis J11060H npflMOH I, npoxoflflmeii nepes O, BBinojineHo /(/) = /(/i) cos^(//i) + I{l2) cos^(//2) + 

/(/3)cOs2(//3). 

KoopHeHTau,HeH noBepxHocxH 11 HasbiBaexca nojie eflHHHHHbix HopMajibHbix (x.e. nepnen- 
flHKyjiflpHbix) K noBepxHOCXH BeKxopoB n{P), HenpepbiBHO 3aBHCflii],Hx ox xohkh P e H. 

Kpueu3Hou (HenapaMempusoeaHHOu) Kpueou na KoopueHmupoeaHHOu noeepxHocmu nashi- 
Baexca npoeKii,Hfl ycKopennfl na HopMajib npn flBHJKeHHH no sxoii KpHBoii c eflHHHHHon CKopo- 

CXbfO. 

{KpueusHa e ynasaHHOM cmucac coBnaflaex no MOflyjiio, ho ne oGasaxejibHo no anaxy, c 
Kpueusuou cooxBexcxByion],eH nenapaMexpnaoBannoH KpHBoii.) 




PucynoK 2: HopMajihHoe u 'nocoe' cenenuH noeepxHocmu. 

npocxefimne nnBapnanxbi oG'beMjieMofl HSOMexpna noHBHjincb em;e b XVIII bckc npn peme- 
HHH cjieflyiomeH npoGjieMbi (pnc. 2). BbiGepeM KoopnenxHpoBannyio iioBepxnocxb 11 n xonxy 
P na nen. Kax saBncnx ox njiocKOCxn a, npoxoflan^eii nepea xonxy P, KpHBnana b xohkb P 
(nenapaMexpnaoBannon) KpHBoii a H 11? 

FjicLEHbiMH KpHBHSHaMH A+ H A_ KoopnenxHpoBaHHOH noBepxHOCXH n B xoHKe Pen na- 
sbiBaioxcH nanGojibmee n nanMenbrnee SHanennH kphbhsh b xoHxe P (nenapaMexpHSOBannbix) 
KpHBbix nepecenenna noBepxnocxn c njiocKocxHMH, npoBe^ennbiMH nepea nopnajib b xohkc P. 

FjiaeHUM Hanpae/ienueM KOopnenxnpoBannoH noBepxnocxn 11 b xohkb P G 11, oxBenaio- 
ni,HM flannon rjiaBnon KpHBHsne A±, nasbiBaexcfl nanpaBjienne xon npsMon (b Kacaxejibnon 
njiocKOCxn k 11 b xohkb P), fljia KOxopoii KpHBnana nepecenennfl noBepxnocxn c njiocKOCXbio, 
npoxofl5in];yio nepes 3xy npjiMyio n nopMajib, pabna \±. 

2. KoopHeHTai],Hio, Haii^HTe rjiaBHbie KpnBHSHbi n rjiabnbie nanpaBjienna b xoHKax 

noBepxnocxen h3 saflann labcdef na xeMbi 'IIoBepxnocxn'. 
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3. KaK H3MeHfliOTCfl rjiaBHbie kphbhshm npn 

(a) H3MeHeHHH KOopHeHTai];HH Ha npoTHBonojioJKHyio? 

(b) roMOTeTHH npocTpancTBa? 

4. (a) OSiieMjieMafl H30MeTpHfl coxpaHaeT rjiaBHbie kphbhshbi. 

(b) BHyTpeHHHH hsomctphh MOJKeT He coxpaHHTb nnaBKbie kphbhshbi. 

5. TeopeMa. (a) Ecjm b tohkc P iiOBcpxHOCTH 11 rjiaBHbie kphbhshbi o^^Horo snaxa, to jiJis 
HeKOToporo e > nepece^eHHe 11 h mapa B{P, e) b c ii,eHTpoM b P h paflnyca e jieacHT no 
OflHy cTopoHy ot KacaTejiBHoii njiocKOCTH k 11 b tohkc P. 

(b) EcjiH B TOHKe P noBepxHOCTH n rjiaBHbie kphbhshbi paanoro snaKa, to hh fljia KaKoro 
£ > nepeceneHHe 11 n B[P, e) ne jiejKHT no Oflny CTopony ot KacaTejiBnoii njiocKOCTH k 11 b 

TOHKe P. 

6. (a) HaH/],HTe KpHBHsny k{ip) b nanajie Koop^nnaT KpHBofl nepeceHennji noBepxnocTH 
z = ax^ + 2hxy + cy^ c njiocKocxbio, npoBeflennoit nepes ocb Oz nofl yrjioM tp k och Ox. 

(b) J\ji^ noBepxnocTH z = f{x,y) npeflnojioacnivi, hto ona xacaeTca njiocKOCTH z = 0, T.e. 

HTO /(O.O) = /x(0,0) = fy{0,0) = 0. 06o3HaHHM Hepes h = ( J reccnan. Tor^a 

\ Jxy Jyy J 

rjiaBHbie kphbhshbi hbjihiotch kophhmh ypaBHennH 

(A-/..)(A-/J = /,2^, T.e. det(/i - A£;) = 0, 

a rjiaBHBie nanpaBjienna cooTBeTCTByiOT coScTBennbiMH BeKTopaM onepaxopa — > R^, MaT- 
pHn,a KOToporo b CTanflapTnoM Saance flBjiaeTCfl reccnanoM (nnBapnaHTHoe onpe^ejienne n 
reoMeTpHHecKHii cmbicji stoto onepaTopa npHBeflenbi b nynxTe 'OnepaTop kphbhshbi Benn- 
rapTena (BTopaa KBa^^paTHnnaa cJiopMa)'). 

(c) OopMyjia Sitjiepa. llycTb 11 C R^ — KoopneHTHpoBannaa: noBepxnocTb n P G 11. 
IlycTb k{ip) — KpHBH3Ha B TOHKe P KpnBoli nepecenenHfl noBepxnocTn c njiocKOCTbio, npoBe- 
flennoii nepea nopMajii. b tohkc P nofl yrjiOM </? k TOMy Jiyny, fljia KOToporo STa KpHBnana MaKcn- 
MajiBHa (t.c. k rjiaBHOMy nanpaBjiennio, OTBeHaion],eMy A+). Tor^a 
k{(p) = A+ cos^ (/? + A_ sin^ (/?. 

(d) EcjiH rjiaBHbie KpnBnanbi pasjininbi, to rjiabnbie nanpaBjienna opToronajibnbi. 

(e) * KaK BbiHHCJiflTb rjiaBHbie kphbhshbi ^jia noBepxHOCTeii, sa^anHbix b napaivieTpHHecKOM 
BHfle? 

7. (a) KaK OTjinnaiOTCfl (flJifl noBepxHOCTen, paccMOTpennbix b aa^ane 2) kphbhshbi KpnBbix 
nepecenenHfl noBepxnocTn c flByMfl njrocKOCTJiMH (a n na pnc. 2), coflepjKani,HMH TOHKy P 
H nepeceKaiomHMH KacaTejibnyio njiocKOCTb k noBepxnocTH no oj^ho^ h toh ace npsMon, o^na 
H3 KOTopbix npoxoflHT lepes nopMajib, a flpyraa nofl yrjroM 6 k nopMajrn? 

yKaaanne: ecjrn ne nojiyM^aeTca, to cm. ^ajiee. 

(b) npoeKn,H5i na nopiviajib b tohkc P = 7(0) ycKopenna napaMeTpnaoBaHHoii KpnBon 7 na 

nOBepXHOCTH n SaBHCHT TOJIbKO OT CKOpOCTH 7'(0) STOH KpHBOH B TOHKe P. 

(c) TeopeMa Menbe. OGosnannM nepes k n A;„ kphbhshbi xpnBbix nepeceHennji noBepx- 
HOCTH c flByMa njiocKocTSMH [a H an Ha pncynKe) , coflepjKamHMH Tonxy P n nepeceKaioin,HMH 
KacaTejibnyio njiocKOCTb k noBepxnocTH no Oflnoii n Toii ace npaMon, o^na h3 KOTopbix npoxo- 
flHT Hepe3 nopMaj[b, a flpyraa nofl yrjiOM 9 k nopMajin. Tor^a kcos9 — kn- 

(d) OnpeflejiHM oToGpajKenne d{s) : 11 — >■ R^ 4)opMyj[OH d{e){P) — P + en. Tor^a npoeKn;H5i 

, , \d(e)'p(a)]'^ — c? ,, , 

H3 b paBna lim ^ ^ '^^J^ , r^e a = y(0). 

(e) * T = 2A+A_. 
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rjiaBHbie KpHBHSHbi MHoroMepHMx KoopHeHTHpoBaHHbix noBepxHOCTeii onpe^ejiaiOTCfl 60- 
jiee cjioacHO (cm. nyHKT 'OnepaTop kphbhshbi BeiiHrapTeHa (BTopaa KBaflpaTHHHaa 4)opMa)'). 

yKaSclHHH. 

la, 6a. yxBepjK^eHHJi BbiTeKaioT hs Toro, hto MOMeHT nKepu^nn h KpHBHsna ecTb 4)yHKii,HH 

Biifl^a f{(p) = A cos^ ip + 2B cos Lp sin 99 + C sin^ ip. 

lb. 3th npsMbie iioiiapHO opTOi^OHajibHbi. 

2f. DioSajibHO rjiaBHMC kphbhshm hc onpe^cjicHbi. 

6. (b) npOBCpHCTCH BMHHCJICHHHMH. HcBBinHCJIHTCJIBHOe ^^OKasaTCJIbCTBO STOFO pCSyjIBTaxa 

(a TaKJKc (J)opMyji ^jih H h K ^ajiee) iiojiyHaexcH, ccjih HHTepnpeTHpoBaxb reccHan kslk Max- 
pHi];y emoposo du^epeHV,uajia 4)yHKii,HH /, hjih emopou KeadpamuHHOu fiopMU saflaBaeMofi 

eft nOBCpXHOCTH. 

(c) /locxaTOHHo ;];oKa3aTB fljia noBcpxHOCTH z — f{x,y), Kacaiomeftcfl hjiockocth Oxy b 

HaHajie KOop/],HHaT O. 

(d) Cjie/],yeT hs 6c. 

(e) HannniHTe ypaBHenne KacaxejiBHoft hjiockocth h HopMajiH fljia hobcpxhocth r{u, v) h 

HCHOJIBSyftTC 6b. 

7. (b) 06o3HaHHM n = n{'y{t)). Tor^a 

n-7' = ^ n'-7' + n-7" = ^ n ■ i' = -i ■ dn/di . 
(a,c) CjieflycT h3 7b. 

flpysoe ynasaHue k 7b. Mojkho CHHTaTt, hto hobcpxhoctb saflana ypaBHenneM z — f{x,y), 
/(0,0) = fx{0,0) = fy{0,0) = 0, a ypaBHCHHe njiocKOCTH z = xctg6. Ha KpHBoft nepeceneHHa 
paccMOTpHM napaMCTp y. /],H4)(j3epeHii,HpyH, iiojiynaeM Zy = fxXy + fy n Zy = Xy ctgO. IIosTOMy 

B TOHKC (0, 0, 0) HMCCM yy = 1, Zy = Xy = 0, T.B. CKOpOCTb KpHBOft nepeCeHCHHa e/],HHHHHaa. 

HpoeKi^Hfl ycKopeHHfl KpnBoft nepeceHenHfl na ocb Oz paBHa Zyy — {fxy + fxxXy)xy + fxXyy + 

fyxXy + fyy B TOHKC (0, 0, 0) HMeCM Zyy — fyy, HTO HC 3aBHCHT OT 9. HoSTOMy npOCKI^Hfl Ha OCB 

Oz ycKopeHHH KpHBoft nepeceHCHHH b Hanajie KooppjiHajT He saBHCHT ot 6. A nocKOJiBKy sto 
ycKopcHHe jiejKHT B npoBeflCHHoft hjiockocth, oho paBHo k{ip,9) = k{ip,0)/ cos 6*. 

IIojiHaa cpe^Haa KpHBHsna. 

e-OKpecmHocm'bw 4)Hrypbi M (na hjiockocth hjih b npocTpancTBe) nasBiBaeTca mhojkcctbo 
Me TOHCK, yflajreHHbix ot ncKOTopoft tohkh cJjHrypbi M ne 6ojiee, hcm na e: 

Me :— {x : \x — y\ < e fljia ncKOTopoft y e M}. 

1. HapHcyflTc e-oKpecTHocTb b hjiockocth h naftflHTC ee nepHMCTp h Hj[OHi,aflb 

(a) KBa/i;paTa co CTopoHoft 1; 

(b) BbiHyKj[oro MHoroyrojibHHKa ujiom^Offa S h nepHMCTpa P. 

2. HapHcyftTC £-OKpecTHOCTb b npocTpancTBC h naftflHTC ee oSijCm h Hj[OH],aflb ee HOBcpx- 

HOCTH ^jia 

(a) KvSa c pc6poM 1: 

(b) iipaBHjibHoii xpeyrojibHOH npnsMbi c fljiHHaMH pe6ep 1; 

(c) iipaBHjibHoro TCTpasflpa c peGpoM 1; 

(d) HpoH3BOJ[bHoro BbiHyKj[oro MHororpaHHHKa (pemHTC caMH, KaKHC nyjKHO saflaBaTb flan- 
Hbie; aKKypaTHO flOKaacHTe Bame yTBepacflCHHe o CTapmeM K034)4)Hii;HeHTe) . 
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3. (a) KopoSKH HMeiOT (J)opMy npHMoyrojiBHoro napajijiejiennnefla. MoacHO jih b oflHoii ko- 
po6Ke npoHecTH flpyryio KopoGxy c Sojibineii cyMMoii HSMepeHHH no fljinne, mnpHHe h BticoTe? 

(b) EcjiH BbinyKjibiH MHororpannHK M c j^jmaaMn pe6ep h flByrpanHbiMH yrjiaMH ctj 
co;];ep>KHTC5i B mape pa^^nyca to ^ /j(7r — ctj) < SttT?. 

HoBepxHOCTb (rpaHHLi,a) 4)Hrypt>i F o6o3HaHaeTCH dF . 

UoAHOu cpedneu npueusHou BbinyKjioro MHororpaHHHKa M HasbiBaexca hhcjio 

B sa^ane 2d Bbi ^OKasajm, hto H{dM) = '^li{'K — 

Teiiepb paccMoxpHM KoopneHTHpoBaHHyio iioBepxHocxb 11 C R^. 06o3HaHHM nepea := 
{P+£n(P)}pgn noBepxHOCTb, oGpaaoBaHHyio KOHii;aMH BexTopoB en{P), oTjioacennbix ot tohck 
P noBepxHOCTH n (pHC. 3). 




FucynoK 3: cdeus noeepxHocmu edoAh ceMeucmea HopMaAcu 

IIojIHOft CpeflHeft KPHBH3HOH KOOpHeHTHpOBaHHOH IIOBepXHOCTH 11 HaSblBaeXCH HHCJIO 

g(n):^li.n^W-^'"). 

MOJKHO SBpHCTHHeCKH '^OKaSaXb', HTO Cpe^HHH KpHBH3Ha MblJIbHOH njICHKH (t. 6. HOBepXHOCTH 

MHHHMajibHoii njioma^H c ^aHHOii rpaHHi^eii) pasna 0. 

4. SaflaB KoopneHTai^Hio, nattflHTe nojinyio cpeflHioio KpHBHsny noBepxHOCTeii h3 saflanH 
labcde TeMbi TloBepxHOCTH'. 

5. KaK H3MeHfleTCfl nojiHaa cpeflHaa KpHBHsna npn 

(a) HSMeHeHHH KOopneHTai^HH na npoTHBonojioJKHyio? 

(b) roMOTexHH npocxpaHCXBa? 

6. (a) HojiHaH cpeflHaa KpHBHsna a^HTHBHa, T.e. H(Jli VMi2) = H{U.i) +H{Ii2) (ecjiH dlii 
H 811.2 ^ saMKHyxbie KpHBbie, nepeceKaiomHeca no KpnBon). 

(b) 06x>eMjieMafl naoMexpnfl coxpanaex nojinyio cpeflnioio KpnBHsny. 

(c) Bnyxpennflfl naoMexpnfl Moacex ne coxpanaxb nojinyio cpeflnioio KpnBHsny. 

7. riycxb r{D) — sjieivienxapnaa nenapaMexpnaoBannaa noBepxnocxb c KOopHenxan,HeH n — 
X ^v/Vu X '^'v\- By;];eM nponycxaxb b (JjopMyjiax apryivienx {u,v) 4)ynKn,HH n r^,, a xaicace 

BMecxo n{r{u^v)) nncaxb n. 

(a) S{r{D)) = J JjjVu /\ry A n dudv. 

(b) r{D)^ = re{D), r^e r^iu, v) := r{u, v) + en. 

(c) H{r{D)) — J jjj{ru A A n + n„ A A n)dudv. B nacxnocxn, npe^eji, onpefleji5noni,HH 
nojinyio cpeflnioio KpnBHsny, fleiicxBHxejibno cyni,ecxByex. 

8. * ^Jia BbinyKjioro orpannnennoro MnojKecxBa M C n ero s-OKpecxnocxn 

1 Att 
(a) V{M,) = V{M) + S{dM)€ + -H{dM)e^ + —e^. 

2 3 
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(b) S{dMe) = S{dM) + H{dM)e + 47r£^ 
(c) mm) = 2 ^(A4)-nM)-gOM)e ^ ^lAf,) - 4.fl3;3 

y?ca3anue re ^o?. IlepeHeceM napajiJiejibHO KajKflbiH c(J)epHHecKHH cexTop (sBjiaiomHiicfl na- 
CTbK) £-OKpecTHOCTH) TaK, HToSbi BepniHHa nepemjia b Hanajio KOopflnnaT. ^OKascHTe, hto 
noHTH Bce JiyHH, Bi>ixoflaii],He h3 Hanajia KOopflnnaT, nepeceKaiOT poBHO o^hh h3 nepeHeceHHtix 

C(|)epHHeCKHX ceKTopoB. 

/Ipyroe pemeHHe nojiynaexcH, ecjm iiocTpoHXb na c4)epe tohkh, cooTBeTCTByiomHe (nopMa- 
jiflM k) rpaHflM MHororpaHHHKa h flyrn, cooTBeTCTByiomHe (nopMajiflM k) pe6paM MHororpan- 

HHKa. 

YKaaaHue k 7a. /\ry An — (r„ x r„) • n. 

Cpe/],H5IH KpHBHSHa B TOHKe. 

HpHBefleM '4)H3HHecKoe' onpe^ejieHHe. BosbMeM paciipe^ejieHHe Mace na KoopneHTHpoBaH- 
Hoii noBepxHOCTH, npn KOTopoM Macca Kaacfloro ee Kycxa paBHa hojihoh cpeflHeft KpHBHsne 
SToro KycKa (TaKHM o6pa30M, Macca xycxa MOJKeT Sbitb OTpni^aTejiBHoii) . Tor^a cpedneu npu- 

6U3H0U nOBepXHOCTH B TOHKB HaSblBaCTCS njIOTHOCTb B 3T0H TOHKC. 

OopMajIBHO, CpeflHeii KPHBHSHOH KOOpHeHTHpOBaHHOfi nOBepXHOCTH n B TOHKe P HaSbl- 

Baexca hhcjio 

H = Hu,P := lim 

diam(np)->0 o(np) 

rfle Hp — o6pa3i>i npaMoyrojitHHKOB, coflepjKamHe TOHKy P, npn BceBOSMoacHbix napaMeTpn- 
3an;HJix noBepxHocTH. HojiyHeHHoe hhcjio aBjiaeTca nAomuocmbw nojiHoii cpeflneii kphbhshbi 

OTHOCHTejIfcHO iijioma/],H. 

1. SaflaB KoopHeHTaii,Hio, nattflHTe cpeflHioio KpHBHsny b TOHxax noBepxHocTett h3 sa^aHH 
labcde h3 TeMbi TToBepxHOCTn'. 

2. 3aflaB KoopHeHTaii,Hio, nattflHTe snax cpeflHett kphbhshbi ToneK 

(a) Topa; (b) noBepxHOCTH Bpamenna 4)yHKn;HH /. 

3. KaK H3MeHfleTCfl cpeflHaa KpHBHsna b tohkb npn roMOTeTHH npocTpancTBa? 

4. (a) HannniHTe onpeiiejieHHe npeiiejia lim -^t^^ 'na flstiKe e-5\ 

^ ' diam(np)^0 ^(^P) 

(b) HannniHTe onpeflejieHHa nojiHoii cpeflnefi kphbhshbi njiocKoii kphboh h cpeflnefi Kpn- 

BH3HL.I njIOCKOH KpHBOH B TOHKe. 

(c) * riocjie^^Hafl paBHa oSbihhoh KpHBHsne. 

5. (abc) TeopeMa. 

„ _ ru/\n-^ An + n-gAr-^ An _ _ _ {rjruu + rlr^y - 2(r„ ■ r^)r„^) A r„ A 

^P— It- V r I — Jxx Jyy - lr V r |3 ' 

\' u ' v\ \' u ^ ' v\ 

Tf\e iiepnaa h TpcTba cjDopMyjibi BbinojiHeHbi fljia KoopHCHTai^HH n = Ty/\ru x r^|, a BTopaa 
4)opMyjia BBinojiHeHa b TOHxe O fljia noBepxHOCTH z — f{x,y), Kacaiomeiicfl hjiockocth Oxy b 
Hanane KOopflnnaT h toh KOopneHTai^HH, fljia KOTopoii no — (0, 0, 1). 

ripH flOKaaaTejibCTBe nepBoii 4)opMyjibi ne saSy^bTe flOKaaaTb cymecTBOBanne npe^ejia, 
onpe;];ejijiioiri;ero cpe;];Hioio KpHBHsny b TOHxe. 

(d) BbiHHCJiHTe cpe^Hioio KpHBHsny b Ka>K/],OH tohkc iiobcpxhocth BpameHHH, ecjiH HopMajiH 
HanpaBjieHbi k och BpameHHa. 
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6. TeopeMa. Mnnyc nojiOBHHa cpeflnett kphbhshm pasna nojiycyMMe rjiasHbix kphbhsh h 
pasHa cpeflHeMy aHaneHHio kphbhshm ceneHHa: 



H _X+ + X. 
T ~ 2 



1 r 

— / k{(p)dip. 

TT Jo 



VKaaaHue k 5a. HpHMeHHTe TeopeMy o cpeflHeM. 

YKaaaHue k 5c. HciiojibsyiiTe n = r„ x r^,/|r„ x r„|. Hjm CHanajia HannmHTe ypaBHeHHe 
KacaxejibHoil iijiockocth h HopMajin ^jih iioBepxHocxH r{u,v). 

IIojiHciH rayccoBa KpHBHsna. 

KoopneHTHpoBaHHas noBepxHOcxb 11 C HaabiBaexcs eunyKAOu, ecjiH Jiynn, onpe^ejieH- 
Hbie (saKpenjieHHMMH) HopMajiHMH b pasHbix tohkox, He nepecexaioTCH. (3to onpe^ejienne He 
corjiacyexca c onpeflejieHHeM BbinyKjiocTH MHoacecxBa, ho sto ne flOJiacHo npHBecxH k nyxanH- 
n;e.) Cjie^yion^HH Maxepnaji HHxepeceH ^axce fljia BbinyKjibix noBepxHOCxeii. 

UojiHou sayccoeou Kpueuanou BbinyKjiOH KOopHeHXHpoBaHHOii noBepxHOCXH U HaatiBaexca 

HHCJIO 

K(U) = lim 

1. SaflaB KOopHeHxaii;Hio, HafiflHxe nojinyio rayccoBy KpHBHsny noBepxHOCxefi h3 saflanH 
labcde h3 xeMbi 'IToBepxHOCXH'. 

(f) TO ace fljifl npoHSBOjiBHOH saMKHyxoH BbinyKjiOH (x.e. orpaHHHHBaioni,eH BbinyKjioe xejio) 

nOBepXHOCTH. 

IIojiHofl rayccoBoit kphbhshoh KoopneHXHpoBaHHOH noBepxHocxH 11 HasbiBaexca hhcjio 
A'(n), KOToporo 

S{Ile) ^ S{U) + H{U)e + K{Il)e'^ (*) 

npH flocxaxoHHO Majitix e (npn Koxoptix noBepxHOcxb rig HecaMonepeceKaioni,aflca). 

2. (a) 3x0 onpeflejicHHe coBna^aex c npeflbiflymHM fljia BbinyKjibix noBepxHOCxeii. 
(b) HaftflHxe nojinyio rayccoBy KpHBHsny xopa. 

3. KaK H3MeHflexcfl nojiHaa rayccoBa KpHBHsna npn 

(a) HSMeneRHH KOopneHxai^HH na npoxHBonojioJKHyio? 

(b) roMoxexHH npocxpancxBa? 

4. (a) HojiHaH rayccoBa xpHBHsna a^mnxHBHa, x.e. K(Jli U 112) = Kijii) + K{U.2) (ecjiH 
dH-i H 9112 — saMKHyxbie KpHBbie, nepeceKaioni,Hec3 no KpHBoii). 

(b) 06x>eMjieMafl naoMexpHfl coxpaHJiex nojiHyio rayccoBy KpHBHsny. 

^ajiee (c HcnojiBSOBaHHeM pHMaHOBoii mbxphkh h xeopeMbi Egregium Faycca) Sy^ex flOKa- 
3aH0, Hxo 6HympeHHAA uaoMempuA coxpaHHem nojiHym sayccoey Kpueusny. 

EcjiH oxjiojKHXb HopMajiH K KOopHeHXHpoBaHHOH HOBepxHocxH 11 OX HaHajia KOOp;],HHaT, xo 
Hx KOHn;L.i 6jpyT jieacaxb na e^^HHHHHofl c4)epe. HocxpoeHHaH noBepxHocxb G{Il) G G 
HasMBaexcH afjepunecKUM hjih sayccoeuM oGpasoM KoopneHXHpoBaHHOH noBepxHocxH 11 (pnc. 
4). 
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PucynoK 4'- apepuHecKuil o6pa3 noeepxHocmu 



5. rijiomaflb ccJ^epHHecKoro oSpaaa BbinyKjioft nosepxHOCTH pasna ee nojiHoii rayccoBoii 

KpHBH3He. 

riyCTb HOpMajIH K paSJIHHHMM TOHKaM KOOpHeHTHpOBaHHOH HOBepXHOCTH He coHanpaBjieHbi. 

Oripe^ejiHM nAovnadt co snaKOM ccJ^epHHecKoro oGpasa xax ero njiouxajih co snaKOM njiioc (hjih 
MHHyc) , ecjiH iipH o6xofle rpaHHii,t>i iioBepxHOCTH no nacoBoil CTpejiKe (oTHOCHTejibHO HopMajieii) 
rpaHHi];a c(j3epHHecKoro oGpasa oGxo^htch no nacoBoil CTpejiKe (hjih iipoTHB nacoBoii CTpejiKn). 

6. Hjiomaflb c(J)epHHecKoro oGpasa co snaKOM oTpHii,aTejit>Ha fljiH cefljiooGpasHott noBepx- 
HOCTH z — x'^ — y^, + < 1. 

EcjiH KOopHeHTupoBaHHyio noBepxHOCTb n MoacHO paaSHTb Ha KOHeHHoe hhcjio nacTeii, 

Ha KaJKflOH H3 KOTOpblX HOpMajIH K paSJIHHHblM TOHKaM He COHaHpaBJieHbl, TO HJIOH^aflBK) CO 

3HaKOM ee c(J)epHHecKoro oSpaaa nasBiBaeTCfl cyMMa njiomafleii co snaKOM sthx nacTeii. 

7. (a) 3to onpe;];ejieHHe KoppexTHO, T.e. ne saBHCHT ot pasGnenHH noBepxHOCTH. 

(b) TeopeMa. njiomaflb co snaKOM c4)epHHecKoro o6pa3a noBepxHocxH paBna ee hojihoh 
rayccoBOH KpHBHsne. 

^ajiee r : D — > — KOopneHTHpoBaHHafl HapaMeTpHSOBaHHaa hobcpxhoctb. Ee n/iomad'bK) 

CO 3HaK0M HaSBIBaeTCfl HHCJIO 



8. K{r-{D)) = J J^riu /\ riy A n dudv fljia KoopHeHTai],HH n = r„ x r^/lr^ x r^|. B nacrao- 
CTH, oiipeflCJieHHe rayccoBoit kphbhshbi ocMbicjienHO, T.e. >S'(n£) flettCTBHTejiBHO BbipaacaeTca 
4)opMyjiOH (*) c HeKOTopbiMH (ne 3aBHCflii],HMH OT e) -f^(n) H K(Il). 

EcjiH OTjioacHTb BeKTop n{r{u,v)) OT Hanajia KOopflnnaT, to ero Konen; Sy^eT jiejKaTb na 
eflHHHHHoii c4)epe. ITocTpoeHHoe OToSpaacenne nor : D ^ HasbiBaeTca c^epunecKUM 

HJIH sayccoeuM. 

9. (a) BcKTop n{r{u. v j) iicpiieHzi;HKyjiHpcH iiOBcpxHOCTH nor{D) b ee tohkc nor{u. u), T.e. 
HOJie HopMajieii m(n o r{u, vj) := n{r{u, v j) sa^acT KoopHeHTaii,Hio noBepxHocxn n o r{D). 

(b) Hjiomaflb CO 3HaK0M oSpaaa c4)epHHecKoro OToGpaacenHfl napaMeTpHSOBaHHOii noBepx- 
HOCTH paBHa nojiHOii rayccoBOH KpHBHsne oSpasa SToii noBepxHOCTH. 



Bhobb HaHHCM c '4)H3nnecKoro' oiipeflejieniia. Bosbmcm pacnpe^ejieniie Mace na Koopiien- 
THpoBaHHoii noBepxHOCTH, npH KOTopoM Macca KajKfloro ee KycKa paBna hojihoh rayccoBoii 
KpHBH3He SToro KycKa (TaKHM o6pa30M, Macca xycxa MOJKeT Sbitb OTpHi^aTejiBHoii) . Tor^a 
sayccoeou KpueusHou hobcpxhocth b Tonxe HasBiBaeTca hjiothoctb b stoh tohkc. 

OopMajiBHo, rayccoBoii kphbhshoh KOopneHTHpoBaHHOH HenapaMeTpHaoBaHHOH nonepx- 

HOCTH n B TOHKe P Ha3bIBaeTC3 HHCJIO 



r^e Hp — o6pa3bi HpsiMoyrojiBHHKOB, coflepjKaiii,He Tonxy P, npn BceB03M0JKHbix napaMeTpn- 

3aii;HHX noBepxHOCTH. 3to nAomHocmt hojihoh rayccoBofi kphbhshbi OTHOCHTejibHO njiomaflH. 

1. Haii^HTe rayccoBy KpHBH3Hy b Tonxax HOBepxHocTett h3 3aflaHH labcde h3 tcmbi TIo- 

BepXHOCTH'. 




FayccoBa KpHBHsna b tohkc. 



K = Ku,P : 




diam(np)^0 5'(np) 
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2. HaiiflHTe snaK rayccoBoii kphbhshbi tohck (a) ropa; (b) iioBepxHOCTH BpameHHa. 

3. (a) HannniHTe oiipe/i,ejieHHa 'oKpyjKHOCTHoro oSpaaa' njiocKoii kphboh, nojiHoii raycco- 

BOii KpHBHSHbl HJIOCKOH KpHBOH H rayCCOBOH KpHBH3HbI HJIOCKOH KpHBOH B TOHKe. 

(b) riocjieflHflfl paBHa oSbihhoh KpHBHsne. 

4. KaK HSMenaeTca rayccoBa KpHBHsna b tohkb npn roMOTeTHH npocTpancTBa? 

5. (abc) TeopeMa. 

A A 

— I I Jxxjyy J XV 



'yy Jxy 1^ V ^ 14 ' 



r^e iiepBaa h xpeTta cjDopMyjibi BbinojiHeHbi fljia KoopHeHTaLi,HH n = Tu x Ty/ 
4)opMyjia BbinojiHeHa b TOHxe O fljia noBepxHOCTH z — f{x,y), KacaiomeHca hjiockocth Oxy b 
Hanajie KOopflnnaT. 

HpH flOKaaaTejiBCTBe nepBoii 4)opMyjii>i ne saSyfltTe flOKaaaTt cyiii,ecTBOBaHHe npe^ejia, 
onpe;];ejiaioiri;ero rayccoBy KpHBHsny b tohkc. 

(d) BBIHHCJIHTe rayCCOBy KpHBHSHy B KajK/J,OH TOHKC IIOBCpXHOCTH BpamCHHH. 

6. (a) CjieflCTBHe. FjiaBHBie kphbhshbi sBjiaioTca kophsmh ypaBHeHHa + HX + K = 0. 

(b) Cjie/],CTBHe. FayccoBa KpHBHsna paBHa nponsBefleHHio rjiaBHtix kphbh3h: K — A+A_. 

(c) B TeopeMe Sab h3 TeMbi 'rjiaBHbie kphbhshbi' moxcho saivieHHTB ycjiOBne oflnnaKOBOCTH 
(pasjiHHHOCTH) 3HaKa rjiaBHBix kphbhsh sa, K > (K < 0) . 

(d) EcjiH rayccoBa h cpe^^naa kphbhshbi b Kaacfloii TOHKe noBepxHOCTH paBHbi nyjiio, to 9Ta 

IIOBepXHOCTb HBJiaeTCH 'laCTblO HJIOCKOCTH. 

7. * TeopeMa. fl^Jis ^ByMepnoH noBepxHocTH b HMeeM r = 2K (r^e r — cKajiapnaa 
KpHBH3Ha) [Gr90, MF04, Ra04]. 




PucynoK 5: eayccoea Kpueuana moueK mopa 
Omeem k 2: cm. pnc. 5. 

VKasaHue k 5a. IIpHMeHHTe TeopeMy o cpe^HeM. 

VKasaHue k 5c. HciiojibsyiiTe n = x r^/lvu x r^l. Hjm enaHajia HannniHTe ypaBHenne 
KacaTejiBHOH hjiockocth h HopMajiH fljia hobcpxhocth r{u,v). 

reo^esHHecKHe . 

HenapaMeTpH30BaHHaa KpHBaa Ten HasBiBaeTca reo/^esHHecKoii na noBepxHOCTH 11, 

ecjiH OHa AOKaAbHO KpamHaumasi, t. e. ecjiH jiio6aa TOHKa x eT HMeeT TaKyio OKpecTHOCTb U b 

HOBepXHOCTH, HTO paCCTOSHHC HO HOBCpXHOCTH MCiKfly JIIo6bIMH TOHKaMH yi,y2 E U HT paBHO 

fljiHHe OTpeaxa kphboh F ot yi flp y2- 

1. B 3T0H aaflane paccMaTpHBaiOTca reoflesHHecKne na noBepxHOCTax MHororpaHHHKOB. Hx 
onpeflejieHHe aHajiornHHO. 
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(a) HapHcyttxe na Ky6e reoflesHHecKyio, coeflHHaioin,yio ero npoTHBonojioJKHbie BepniHHbi. 

(b) HapHcyiiTe reoflesHHecKyio na npaMoyrojibHOM napajijiejiennnefle ax b x c, coeflHHflio- 
myio cepeflHHbi napajiJiejibHbix pe6ep, ne jieacamHx b oflHoii rpaHH. 

(c) CyMMa njiocKHX yrjioB BbinyKjioro MHororpaHHoro yrjia ne npeBocxo;];HT 27r. 

(d) FeoflesHHecKaa na noBepxHOCTH BbinyKjioro MHororpaHHHKa ne npoxo^HT ncpcs cio 
BepniHHbi (T.e. MoaceT b hhx tojibko HaHHHaTbCfl hjih saKaHHHBaTbCfl) h npoxoflHT nepes peSpa 
no 3aK0Hy 'yroji naflenHfl paBen yrjiy OTpaacenHfl'. 

2. (a) KpaTHaiimafl KpHBaa aBjiaeTca reoflesHHecKoii. 

(b) FeoflesHHecKafl ne oSflaaxejiBHO sBjiaeTca KpaTHafimeH. 

(c) * JIio6t>ie flfie tohkh mojkho coeflHHHTb KpaTHafimeH kphboh (nanoMKHM, hto paccMaT- 

pHBaeMaa iiOBepxHOCTb KOMiiaKTHa). 

3. (a) BHyTpeHHHH HSOMeTpHH iiepeBOflHT reoflesHHecKHe b reoflesHHecKHe. 

(b) * TeopeMa. OGpaa napaMeTpnaoBaHHOH kphboh 7 : [a, 6] ^ H c hoctoahhoh ho MO^yjiio 
CKopocTBK) sBjiaeTCfl reoflesHHecKOH na noBepxsocTH H Tor^a h tojibko Tor^a, Kor^a bcktop 
ycKopeHHa 7"(t) nepneH^HKyjiflpeH (hjiockocth, KacaTejiBHoii k) noBepxHOCTH b tohkb ^(t) fljia 
jiio6oro t. 

YKasaHHe k npocTOMy flOKaaaxejibCTBy lacxH 'Tor^a'. HycTb, HaiipoTHB, 7"(t) ne nepnen- 
flHKyjiHpHO noBepxHOCTH B HeKOTopoH TOHKB t. Toivj,a iipoeKij,HH KpHBoii 7 Ha KacaTejibHyio 

HJIOCKOCTb B TOHKe j{t) HMCeT HBHyjieByiO KpHBH3Hy. SnaHHT, 3Ty HpOeKn;HIO MOJKHO 'cHpa- 
MHTb'. Torfla H HCXOflHyiO KpHByiO MOaCHO 'CHpaMHTb'. 

CjiojKHoe ;];oKa3aTejibCTBo nacTH 'xor^a' HOJiynaeTca h3 ypaBnenna Bfijiepa-JlarpaniKa fljia 
4)yHKLi,HOHajia ^jiHHbi [Ra03]. 

(c) * HpH flBHJKeHHH HO reofle3HHecKOH HpaBoe H jieBoe KOJieca y3Koro aBTOMoGnjia npo- 
flejiaiOT oflHHaKOBbiii nyTb c TOHHOCTbio flo Majibix HopaflKa KBaflpaxa mnpHnbi aBTOMoSnjifl. 
(3to cjiepyeT h3 MHHHMajibHocTH reo;];e3HHecKHx.) 

(d) * HapHcyeM na HflLi,c (rjia^KOH iioBepxHOCTH, jieacamefi no o^^ny CTopony ot jnoSoii Ka- 
caTejibnoH hjiockocth h iiepeceKaK)m,eH sxy luiocKOCTb poBHO b o/j,hoh tohkc; nanpHMep, no- 
BepxnocTH BpameHHH i pa4)HKa BbinyKjioii (3DyHKn;HH) nponsBOJibnyro KpnByro. HpoKaTHM aHn;o 
no HJIOCKOCTH (6e3 Bpan^enna) b^ojib stoh kphboh. KpnBaa na aHH;e aBjiacTca reofle3HHecKOH 
Tor^a H TOJiBKO Torfla, Kor^a cooTBCTCTByron^aa KpnBaa na hjiockocth aBjracTca npaMon. (3to 
cjreflyeT h3 npeflbiflyni,ero nynKTa.) 

riapaMeTpHSOBannaa KpHBaa 7 : [a, 6] — )■ IT Ha3biBaeTca napaMempusoeaHHOu seodesune- 
CKOU Ha iiOBepxnocTH 11, ecjin bcktop ycKopenna 7"(t) nepnenflnKyjiapen noBepxnocTn 11 b 
TOHKe j{t) fljra jik)6oto t. 

TeopeMa 3b 03HaHaeT, hto HenapaMempusoeaHHaA Kpuean F na noeepxHocmu U Ae/iAemcA 
zeodesunecKou mosda u mojibKO mosda, Kosda ona UMeem napaMempu3av,un), AejiAwmywcA 
napaMempusoeaHHOu seodesunecKou. 

HcHo, HTo napaMeTpH30BaHHaa reofle3HHecKaa nneeT nocTOHHHyio no Mo^yjiio CKopocTb. 
(Ot BejiHHHHbi nocToannoro MO^yjia CKopocTH cbohctbo napaMeTpH30BaHH0H KpnBoii 6biTb 
napaMeTpH30BaHH0H reofle3nnecKOH ne 3aBncnT.) B flajrbnenmeM nivieiOTca b Bn^y napaMempu- 
soeauHue reofle3HnecKne n sto npnjiaraTejibnoe onycKaeTca. Ha nenapaMeTpH30Bannbix reo- 
fle3nnecKnx paccMaTpnBaiOTca napaMeTpn3an;nn c nocToannoii no MO^yjiio CKopocTbio. 

4. (a) HpaMaa na noBepxnocTH — reo;];e3HHecKaa. 

(b) Mepn^nan noBepxnocTH Bpamenna — reofle3nHecKaa. 

(c) Il&psiJiJiejih noBepxnocTH Bpamenna aBjiaeTca reofle3nnecKOH Tor^a n tojibko Tor^a, 
Kor^a KacaTCJiBnaa k Mepn^nany b ee TOHKax napajrjrejiBna ocn Bpani,enna. 
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(d)* KpHBas, 5iBjiaioiri,aacfl csasHoii KOMnoHeHToii MHO^cecTBa HenoflBH»cHi>ix ToneK hcko- 
Topoii HSOMeTpHH noBepxHOCTH, flBjiaeTCfl reoflesHHecKOH. 

5. HattflHTe Bce reoflesHHecKne na (a) hjiockocth; (b) ii,HjiHHflpe; 

(c) c4)epe (HcnojibsyfiTe 7f); (d) Konyce (HcnojitayiiTe HHBapHaHTHOCTb npn H30MeTpHH). 

6. TeopeMa KAepo. B TOHxax reo^^esHHecKofi 7 na noBepxHOCTH BpameHHfl BejiHHHHa r sin ^(7', 
oflHHaKOBa. 3^ecb r — paccTOHHHe flp och BpameHHH am — uepii^iiaH. 

7. HycTb Xi, a;2 : R — )■ R H 7 = r{xi,X2) — iiapaMeTpHSOBaHHaa KpHBaa na iiapaMeTpHso- 
BaHHOH noBepxHocTH r : D — )■ R^. By^eM ^ajiee iiponycKaxb apryMenx {xi{t),X2{t)) y (J)yHKii,HH 
r H ee nacTHbix npoHSBOflHbix h o6o3HaHaTi> niTpHxoM flHcJxJjepeHi^HpoBaHne no a nnfleKca- 
MH y r (no ne y F n g^) — nacTnoe flH4)4)epeHn;HpoBaHHe no cooTBeTCTByion^eii nepeMennoii 
(pemaTejiio Gyp^eT nojiesHO nepBoe BpeMH KpoMe HH;];eKCOB nncaTb eme niTpHxn). 

(a) KpHBaa 7 SBjiaeTca reoflesHHecKon Tor^a n tojibko Tor^a, Kor^a 7" • ri = 7" • r2 = 
/j,jiH jiioGoro t. 

(b) 7' = riX'^ + r2X2 — BeXTOp CKOpOCTH KpHBOii 7 B TOHKe r{xi{t),X2{t)). 

(c) 7" = x'/ri + x[r[ + a;2r2 + Xgrg. 

(d) r[ = rnx[ + r^x'^. 

(e) TeopeMa. ypaBnenne reoflesHHecKon (na 4)yHKu;HH xi n a;2 nepes flannyio 4)yHKu;Hio r) 
-x'/ = ^^1^^ ^^21 + ^{2)^1^2 + ^22(4)^ ^« _^ ^ r^-x-a;^- = 0, r^e 

T-,fc g3-k,3-krk ■ ^ij — gk,3-kf 3-k ' f ij 

g^,^n.r, n T,^. . 

(f) TeopeMa. Hepes Kaafflyio Tonxy b xaacflOM nanpaBjiennn na noBepxnocTn npoxo^HT 
poBHO Oflna reoflesHHecKaa. 

(g) BbiHHCJiHTe CHMBOJibi KpHCTo4)4)ejifl fljifl c4)epHHecK0H CHCTeMbi KoopflnnaT na c4)epe. 

VKasanue k Ic. HpoBeflHTe nepes Bepmnny yrjia jiyn, jieacan^nii Bnyxpn yrjia, n nepea TOHKy 
na 3T0M jiyne (oTjinnnyio ot Bepmnnti yrjia) njiocKOCTt, nepneH^^HKyjiapHyio Jiyny. 

VKasaHue k 6. YTBepxc^^eHHe paBHOcnjibHO TOMy, hto e A 7 A 7' = const, rj^e 7 — reo- 
flesHHecKaa n e — e/j,HHHHHbiH Bexxop, napajijiejit>Ht>iH ocn Bpani,eHHH. IIocjieflHee ycjioBne 
flOKaatiBaeTca flH(J)(J)epeHn,HpoBanHeM no npaBHjiy JleH6nHn;a, t.k. e A 7 A 7" = 0. 

napajiJiejibHbiii nepenoc. 

Bce snaiOT, hto raKOC iiapajijicjibRbifi nepeHOC na hjiockocth. Mojkho onpc^cjiHTb iiapaji- 
jiejiBHbiH nepenoc h na hckphejichhoh noBepxHocxn. Bojiee Toro, 3to onpeflejieHne Heo6xoflHMO 
fljifl pemennfl HHTepecnbix aaflan h3 reorpacj^nn n (Jdhshkh. 

HanneM c noBepxHOCTH MnororpannnKa. (SaivieTHM, hto ona ne aBjiaeTCfl noBepxHOCTtio b 
CMbicjie onpeflejiennfl, npnnaToro b flannon Knnre.) PaccMOTpnM ^Be coceflnne rpann flannoro 
MHororpaHHHKa. Ecjih noBepnyTb hjiockoctb oj^uo^ h3 hhx BOKpyr hx o6n];ero pe6pa, to ona 
coBMecTHTca c njiocKOCTBK) flpyroH rpann [Ta89, pnc. 15]. 3tot iioBopoT mojkho paccMaTpn- 
BaTb KaK nepeKaTbinanne MnororpannnKa c o/j,hoh rpann na ^pyryro nepes ero peSpo. Ecjin 
na nepBoii rpann napneonaTb bcktop, to nocjie noBopoTa on OTnenaTaeTCfl na njiocKOCTn bto- 
poH rpann. TaKon nepenoc neKTopa c oflnofl rpann na flpyryro nasbiBaeTca napa/uiejibHUM 
nepenocoM BeKTopa nepes pe6po [Ta89, pnc. 16, 17]. 

1. (a) Ecjm saMKHyTaH jioManaa na MHororpanHHKe ne co^ep>KHT BepiuHH n orpanHHHBaeT 
oGjiacTB c BepmnnaMn Ai, . . . , An, cyMMbi hjiockhx yrjioB b KOToptix paBnti a^, . . . , an, to 
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nocjie napajiJiejibHoro nepenoca BflOJib SToii jiOManofi seKTop noBepneTca Ha yroji — (ai + • • • + 
an). 

(b)* 3tot yroji noBopoxa paBen (c tohhoctbio flo 27m) cyMMe BejiHHHH TejiecHbix yrjiOB, 
deoucmeeHHUx k MHororpaHHbiM yrjiaM Ai, . . . , An. 

YlpvLBejieM HecjDopMajibHoe onncaHne napajijiejibHoro nepenoca na noBepxHOCTHX (yxce b 
CMbicjie 3TOH KHHrn). HapHcyeM na iioBepxHocxH KpHByio h iipoBe^eM KacaxejibHyio k noBepx- 

HOCTH njIOCKOCTb B HeKOTOpOH TOHKC KpHBOH. riapajIJiejIBHblH nepeHOC KaCaTejIBHOH njIOCKOCTH 

BflOJib KpHBoii Ha HOBepxHOCTH — 3T0 KaneHHe KacaTejiBHoii hjiockocth BflOJit kphboh 6e3 npo- 
CKajibSbiBaHHa (npn KOTopoM hjiockoctb ocTaexcs KacaTejitHoii) . 3to flBHJKeHne KacaTejitHoii 

HJIOCKOCTH HO HeHO^^BHJKHOH HOBCpXHOCTH Sa^^aCTCH CJie^^yiOH^HM yCJIOBHCM! MSHOeeHHttH OCb 

epamenuH KacameAbHou nAOCKOcmu nacaemcH noeepxHocmu u nepnenduKyAfipHa dauHou npu- 

60U. 

OopMajiBHO, HycTb flana HOBepxHOCTb H C h HapaMeTpHSOBaHHaa KpHBaa 7 : [a, b] — > H. 
KacaxejiBHoe k hobcpxhocth 11 BeKTopnoe HOJie v{t) na kphboh ^[a, b] HasbiBaeTCfl napajiJiejifc- 
HblM BflOJIb flaHHOii KpHBOft (b cmbicjic JlcBH-HnBHTa) , ecjiH BeKTop {t) HepHeHflHKyjiflpeH 

(hjiockocth, KacaTCJIbHOH k) HOBepXHOCTH B TOHKC 'f{t) IipH JIIoGoM t. 

BeKTop v{'y{b)) HaatiBaeTCfl ecKmopoM, noAyueHHUM U3 ecKmopa v{'y{a)) napaAJicAbHUM 
nepenocoM edoAb dauHou Kpueou. 

2. (a) KaKHe KacaTejiBHtie bcktopbi k hjiockocth, j[ejKaHi,eH b TpexMepnoM npocTpancTBe, 

HOJiynaioTCH ppyr hs ^pyra HapajijiejibHbiM nepenocoM? 

(b) Hojie BCKTOpOB CKOpOCTH IiapaMCTpilSOBaHHOH KpHBOH Ha HOBCpXHOCTH HBJIHCTCH Iia- 
paj[J[ej[BHbIM BflOJIB 3TOH KpHBOH TOTfla H TOJIbKO TOTfla, KOTfla 3Ta KpHBaa SBJiaCTCH iiapaMCT- 
pH30BaHH0H reOfleSHHeCKOH. 

(c) HapajiJiejibHOCTb b^ojib HapaMeTpnaoBaHHOH kphboh c dannuM o6pa30M ne saBHCHT ot 

Bbi6opa 3TOH kphboh. 

(d) PesyjibxaT iiapajuicjibHoro nepenoca b^ojib kphboh c dannuMU KOHV^aMU MoaceT saBH- 
ceTb OT Bbi6opa stoh kphboh. 

BeKTopnoe nojie na noBepxnocTH nasbmaeTca napaAACAhHUM edoAb HenapaMempusoeaHHOu 
Kpueou, ecjiH ono napajijiejibno b^ojib jiioSoh ee HapaMeTpH3aH;HH. 3to onpeflejienHe KoppeKTHO 
BBHfly saflaHH 2c. 

3. (a) HenpepbiBHoe ceMeScTBO bbktopob oflHHaKOBoii fljiHHBi na MepHflnane noBepxnocTH 
BpamenHH, Kacaion^nxcH napajijiejiefi, napajiJiejibno b^^ojib Mepn^^nana. 

(b) /],ana noBepxnocTb Bpamenna rjiaflKOH nojio>KHTej[bnoH (jDynKn,HH /. Ha KaKOH yroji b 
HOBepneTca BeKTop, KacaTejrBHBiii k Mepn^nany, npn napajrjrejrBnoM nepenoce h3 tohkh 
(a, /(a), 0) B TOHKy (6, f{b), 0) b^ojib MepHflnana? 

4. Ecj[H na flannoH noBepxHOCTH ceMeftCTBa BeKTopoB u n v napajrjrejiBHBi b^ojib flannoH 

KpHBOii, TO 

(a) \v{x)\ = \v{y)\. (b) u{x) ■ v{x) = u{y) ■ v(y). (c) Z{u{x),v{x)) = Z{u{y),v{y)). 
(d) CeMCHCTBa u + v 11 3u iiapajijiejibnbi B/j,ojib Toii >Ke kphboh. 

5. (a) TeopeMa. IlapajiJiejibHbiH nepenoc na flannoil iioBepxnocTH b^ojib flannoit kphboh 
OHpe/j,ejiHeT opToronajiBHoe OToSpaacenne KacaTejiBHBix npocTpancTB. 

(b) CeMeHCTBO bbktopob 5iBj[5ieTC5i napajijrejiBHBiM b^ojib reoflesHHecKoii Tor^a h tojibko 
Torfla, Kor^a MO^yjiB BeKTopa ceMeiiCTBa h yrojr MejKfly BSKTopoM ceMeficTBa h boktopom cko- 
pocTH reo;];e3HHecKOH nocToannbi bj^ojib reo^eannecKOH. 

6. HycTb v{t) = ai(t)ri a;2(t)) + (i2{t)r2{xi{t), X2{t)) — KacaTejibHbiil k iiOBepxno- 
CTH BCKTop B TOHKe r{xi{t),X2{t)). ByfleM flajiee oGoananaTb niTpnxoM npoHSBOflnyio no t h 
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nponycKaxb apryMeHTbi (j3yHKii,HH. 

(a) v' = a\ri + air[ + a'2r2 + a2'^2- 

(b) CeMeiiCTBO v napajiJiejibHO BflOJit kphboh 7 = r(xi, X2) Tor^a h tojibko Tor^a, Kor^a 
v' ■ Ti = v' ■ r2 = 0. 

(c) TeopeMa. YpaBHeHHe napajiJiejiBHoro nepenoca (na 4)yHKii,HH ai h a2 nepea flaHHtie 
(J)yHKii;HH r, xi, 0:2) 



(d) Jlio6oil BCKTop MOJKHO iiapajijiejiBHO iiepenecTH B^ojib jiioSoh kphboh. 

JXajiee (c HcnojibsoBaHHeM pHManoBOH mctphkh) Gy^ex flOKaaano, hto npu enympeHHeu 
u30Mempuu noeepxHocmeu ceMeucmeo eeKuiopoe, napajuiejibHoe edo/ib neKomopou KpueoU, ne- 
pexodum e ceMeucmeo ecKmopoe, napa/uieji'bHoe edojib o6pa3a amou Kpueou. 

CeKi^HOHHaa KpHBHsna. 

OGi-acHeHHe cj^eHOMeHa MaaxHHKa OyKo c Hcnojit>30BaHHeM napajiJiejiBHoro nepenoca iipn- 
BOflHTca B [Ta89]. 



an 

PucynoK 6: napaMCAhHuu nepenoc eeKmopa no saMKnymoMy Konmypy 

1. Ha KaKOH yroji noBepneTca KacaTejibHbiii BeKxop npn napajiJiejibnoM nepenoce B^ojib 

(a) uapajiJiejiH na n;HjiHHflpe? 

(b) KOHTypa TpeyrojibHHKa c yrjiaMH a, 7 na c4)epe? 

(c) uapajiJiejiH 2; = 1 na Konyce z"^ = + y^l 

(d) napajiJiejiH 6 = 60 h& c4)epe? 

(e) flannoH napajiJiejin flannon noBepxnocxn Bpamenna? 

VKasaHue k Ic u 3h. HcnojibsynTe (flOKaaannyio nnace) nnBapnanTnocTb napajijiejibnoro 
nepenoca npn Bnyxpenneii naoMeTpHn. 

2. riycTb N, N' — nonepxnocTH, Kacaion],Heca b^ojib kphboh 7. ^OKaacHTe, hto peayjibxax 
napajijiejibnoro nepenoca b^ojib kphboh 7 o^nnaKOB fljia N n N'. 

IIojiHOH ceKii;HOHHOH KpHBH3HOH cr{U.) flByMepnoH noBepxnocTH n c vjiap^KO^ rpann- 
u;eii dU nasbiBaeTca yroji Me>Kzi;y KacaTejibHbiM BexxopoM b xonKe rpanHn;bi dll n neKxopoM, 
nojiynenHbiM h3 nero iiapajuicjibHbiM iicpeHOCOM B/j,ojib 911. 

3. (a) 06x.eMjieMaH nsoMexpna coxpanaex iiojinyio ceKij,HOHHyio KpHBHsny. 

(b) TeopeMa. Bnyxpennaa HSOMexpna coxpanaex nojinyro ceKn,Honnyio KpnBnsny. 

(c) riojinaa ceKn,Honnafl KpHnnana a^i^HXHBna, x.e. a{Ili U 112) = cr(^i) + cr(n.2) (ecjin ^Hi 
H 9112 — saMKnyxbie KpnBbie, nepeceKaion^necH no KpnBon). 

4. Onpe^^ejienne ccJ^epHHecKoro oxo6pa>KeHH5i G : U ^ ^ano b nynxxe 'rayccona KpnBHS- 
na'. Ho ccJ^epHHecKOMy OTo6pajKeHHio mojkho iiocxpoHTb ceMeiicTBO oxo6pa>KeHHH dGp : Tp — )■ 
Tg{p) KacaxejibnoH njiocKocxn Tp (b xonxe P k 11) b Kacaxejibnyio njiocKocxb Tg{p) (b xonxe 
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G{P) K S^): fljia Pen oSpaaoM (saKpenjieHHoro) KacaTejibHoro seKTopa PX naaoBeM seKTop 
G(P)dGp{X), pasHbiH BeKTopy PX kok cboSoahmh seKTop. riocTpoeHHoii OToGpaaceHHe dOp 
HasbiBacTCH ccfjepuHecKUM omo6pacnceHueM Kacamejit>Hux npocmpaHcme. 

(a) 3to oTo5pa>KeHHe KoppeKTHO onpeflejieno, T.e. G{P)dGp{X) flefiCTBHTejibHO KacaeTca 
rayccoBa oGpaaa G{Il). 

(b) 3to OTo6pa:aceHHe cosnaflaeT c flH(J)(J)epeHii;HajioM c(J)epHHecKoro OTo6pa3ceHHfl. 

(c) ripH c4)epHHecK0M OToSpaaceHHH KacaTejibHMx npocTpancTB ceMeiiCTBO BeKTopoB, na- 
pajiJiejiBHoe BflOJit neKOTopoii KpHBoii, nepexo^HT b ceMeficTBO BCKTopoB, napajiJiejitHoe BflOJit 
ee o6pa3a (npn ccJ^epHnecKOM oTo6pa>KeHHH) . 

(d) Yroji iioBopoTa BeKTopa iipH iiapajiJiejiBHOM nepenoce B/jpjib saMKHyxoit kphboh pa- 
Ben yijiy noBopoTa BexTopa iipH iiapajiJiejitHOM nepenoce Bflojib c(J)epHHecKoro o6pa3a SToit 
KpHBoii: (7(n) = ^(^(n)). 

(e) TeopeMa Egregium Faycca. Yroji noBopoxa KacaxejibHoro k flByMepHoii noBepxHOCTH 
B BeKTopa npH napajijiejiBHOM nepenoce b^^ojib rpaHHii;bi noBepxHocxn paBCH n.noiri;azi;H co 
3HaKOM ccj^epHHecKoro oGpaaa 3toh noBepxHocTH: a{ir) = K{ir). (Cm. xeopcMy 7 b iiyHKTe 
TTojiHaa rayccoBa KpHBHsna'.) 

BoabMCM pacnpeflejiCHHe Mace na KOopHeHTHpoBaHHoii noBepxsocTH, npn KOTopoM Macca 
Kaacfloro ee Kycxa paBHa nojiHoii ceKii,HOHHOH KpHBHsne SToro Kycxa (laKHM o6pa30M, Mac- 
ca KycKa M03ceT Gbitb OTpni^aTejibHoii) . Tor^a ceKV,uoHHOu Kpueuanou noBepxHOCTH b TOHxe 

HasbiBaexcH hjiothoctb b stoh tohkc. 

OopMajIBHO, CeKIJ,HOHHOH KpHBH3HOH nOBCpXHOCTH 11 B TOHKe P Ha3bIBaeTC3 HHCJIO 

a(P) := ^ lim ^<"-' 



diam(np)^0 5'(np) ' 

r^e rip — o6pa3bi npjiMoyrojibHHKOB, coflepjKamne TOHKy P, npn BceB03M0JKHbix napaMeTpH3a- 
i];Hflx noBepxHOCTH. 3to nAomuocmb hojihoh ceKii;HOHHOH KpHBH3Hbi OTHOCHTCJibHO njiomaflH. 

5. KaK H3MeHfleTCfl ceKii,HOHHaa KpHBH3Ha B TOHKe npn roMOxeTHH npocTpancTBa? 

HiaK. jx,ji^ ^ByMepHOH noBepxHOCTH b CKajiapnas, ceKi^HOHHaa h rayccoBa KpHBH3Hbi 
coBiia/j,aK)T (c TOHHOCTbK) ^o MHOJKHTejiH 2). SaMCTHM, HTO sfl^ech CKajiapHaa H ceKii;HOHHaa 
KpHBHSHbi oiipe/],ejieHbi ^jih flByMepHoii iiOBcpxHOCTH B R™ npH m > 3, a rayccoBa — hct. 

6. * r = 2(7 fljiH ^ByMepHoil iiOBepxHOCTH b R™". 
ynasaHue k Ide. HciiojibsyHTC Ic h 2. 

ynasaHue k 4d. BBH/j,y iipe/j,bi/j,yiii,eio iiyHKra flocTaTOHHO flOKa3aTb STy TeopeMy fljia c^e- 
pbi. 3to flejiacTCfl npn noMomH annpoKCHMaii,HH c4)epHHecK0H o6jiacTH ccJjepHHecKHMH mhofo- 
yrojibHHKaMH. 

JJpysoe ynaaaHue k sadane 4d. HycTb vp — ceMeiiCTBO eflHHHHHbix BeKTopoB na 911, napaji- 
jiejibHoe Bflpjih dU, n ap vl bp — npoH3BOJibHafl opTOHopMHpoBaHHaa napa BCKTopHbix nojiefi 
Ha n. Hmccm (onycKaa apryMenx P) 

— sin Z{v, a)dZ{v, a) — d{cos Z{v, a)) — d{v ■ a) — v • da + dv ■ a — v ■ da — sin Z{v, a)b ■ da. 

Torfla HCKOMbiH yroji paben 

/"w/N /",, , f f fd{b-aJ d(b-a^)\ , , 
/ aZ[v, a) = — b ■ da — — b ■ audu + b ■ a^dv = \ — 7: 5 1 dudv — 



IdU 



du dv 
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{bu ■ tty — by ■ au)dudv = I I Hu Any An dudv = S{G{r{D))). 

D J Jd 



Sflecb npeflnocjieflHee paseHCTBO cnpaBefljiHBO, nocKOJibKy 
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OTKyfla bu ■ — bv ■ au = 102^^3 — ^^'2^3 = n„ A n„ A n. 

ynasanue k sadane 6. Cm. yKaaaHHe k aaflaie 5e TCMbi '6HjiHHeHHaa cj^opMa kphbhshbi 
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nOJlHJlHHEHHblE KPHBHSHbl nOBEPXHOCTEH 

^JIHHM KpHBMX HH nOBepXHOCTSIX. 

06o3HaHHM S"^ := {{x,y,z) \ x"^ + y"^ + z"^ = 1}. PaccmofiHueM no ccfiepe Me>K^y TOHKaMH 
c(|)epL.i HasbiBaexcH ^jinna HaHMeHbinefi ^yrn Gojibinoro Kpyra, coe^^HHHiomeH sth tohkh. Kpye 
H OKpyMCHOcmb Ha c(|)epe onpe^^ejiaioTca anajiorKHHO cjiynaio hjiockocth (nepes paccToaHHe 
no c(|)epe). 

1. (a) ^jiHHa oKpyjKHocTH pa^nyca R na ccjDepe paena 27rsini?. 

(b) Hafl^Hxe (|)opMyjiy ^jih ^jihhbi napaMexpHaoBaHHoli ccjaepHHecKoil kphboh 7 : [a, b] — )■ S"^ 

B C(|)epHHeCKHX KOOpflHHaTaX if, 6. 

(c) To >Ke B ;];eKapTOBt.ix KoopflnnaTax x,y. 

(d) To JKe B cmepeospacfiuHecKux Koopdunamax: nape nnceji (p, q) cooTBexcTByeT Tonxa 
c4)ept>i, KOTopaa nepexo^nx b xonxy {p, q, 0) npn n;enTpajibnoH npoeKn;HH ns tohkh (0, 0, 1). 

(e) * To >Ke B MepnamopoecKux Koopdunamax, KOToptie onpe^ejiaioTCH xaK. Ha Kapxe bbo- 
^HTca npsMoyrojibntie Koopflnnaxbi (m, v) xaKne, nxo jiioGaa npanaa na Kapxe cooxBexcxByex 
jiOKCOflpoMHH (x.e. jinnnn nocxoannoro asHMyxa — (jDHKcnpoBannoro nojioacenna cxpejiKH kom- 
naca) na noBepxnocxn seMnoro mapa. 

YKaaanne: cnanajia Bbipasnxe c(|)epnnecKne Koop^nnaxbi 9) nepea MepxaxopoBCKne ko- 
op^nnaxbi (m, v). 

2. Btipaanxe ^Jinny KpnBon [a, 6] A nepea (|)ynKn;nn -u n f (b cJaopMyjie MOJKno 
HcnojibsoBaxb ne xojibko ajireGpannecKne BbipaJKenna, no nponsBo^ntie n nnxerpajiti) fljia 

(a) r{u,v) = (cosM, sin-u, f ) — n;HjiHnflp c n;HjiHHflpHHecKOH cncxeMon Koop^nnax. 

(b) r{u,v) = {v cosu,v smu,v) — Konyc c KonnnecKoii cncxeMoii Koop^nnax. 

(c) r{u, v) = ((2 + cos v) cos u, (2 + cos v) sin u, sin v) — xop c xopnnecKon chcxcmoh Koop- 
^nnax. 

(d) r{u,v) = (/(f) cosu, f{v) sinw, h{v)) — noBcpxnocxb Bpan^enna. 

3. TeopeMa. /I,jiHna KpnBon [a, b] ^-A-^ R^ A R'^ paBna 




B 3XOH (|)opMyjie nponym;enL.i apryMenxbi t (|)ynKn;HH u,v,u^,v[] Vu = ru{u{t),v{t)) n anajio- 
rnnno jiJiii r^. 

YdAOM MCJK^y nepeccKaion^HMHCs napaMexpnaoBannbiMH kphbbimh b hx oGmen xonxe A 
nasbiBaexcH yroji meyKpy nx KacaxejibnbiMH b sxoh xonxe. 

4. (a) Yroji MCJK^y napaMexpnaoBannbiMn kphbl-imh ne saBHcnx ox nx napaMexpH3an;HH. 

(b) Haii^Hxe yroji MCJK^y r-oGpasaMn KpnBbix v = u + 1mv = ?) — u ^jih r{u,v) = 
{v cos u, V sinu, v'^) (r-o6pa30M o6jiacxn D SBjiaexca nacxb napa6ojion^a z = x"^ + y"^). 

PHMaHOBa MeTpHKa. IIpHMeHeHHe k HSOMexpHaM. 

1. /J^anxe onpe^ejienne npoHSBo^non oxo6pa>Kenn5i r : R^ — )■ R'^. 

JXjis noBepxnocxn 11 n xonxn P G 11 o6o3nannM nepea Tp = Tp^n Kacaxejibnyio njiocKocxt. 
K n B xonxe P. 

PHMaHOBOH MeTpHKoii (njin nepBon KBaflpaxnnnon (JjopMon) na 11 nasbmaexca ceMen- 
cxBO Gnjinnennbix (|)opM 

gp : Tp X Tp ^ H (P G 11), onpe;];ejiennbix (|)opMyjioH gp{a, b) = a ■ b. 

*Bojiee TOHHO, pHManoBoii MeTpHKOft, nHflyi^npoBaHOofl: h3 R'^. 
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Ha HenapaMeTpHSOBaHHoii noBepxHOCTH, ne asjifliomeHCfl sjieMeHTapHOH (HaiipHMep, na ccj^epe 
HjiH jiHCTe MeSnyca) pHManoBy MexpHKy Hejitsfl aaflaTt ceMeiiCTBOM MaTpnii; 2x2. 

PHMaHOBa MBTpHKa Ha HenapaMeTpHSOBaHHoii noBepxHOCTH saflaexcfl conocTaBjieHHeM Kaac- 

napaMexpHsai^HH r : D ^ neKOToporo Kycxa stoh noBepxHOCTH ceMeficTBa MaTpnn; Qij 
(b cTaHflapTHOM 6a3Hce (0, 1), (1, 0)) GHjiHHettHbix cj^opM, 5iBji5iioiri,Hxca o6paTHt>iMH r-o6pa3aMH 

pHMaHOBOH MCTpHKH Ha r{D), T.B. SHJIHHeHHblX (J)OpM 

r\Xyg : R^xR^ ^ R {X e D), onpeflejienHbix (JjopMyjioii r\Xyg{a, b) = r\X)a-r\X)b. 

3th MaxpHu;!.! flOJiacHbi SbiTb CBflsaHBi Ha HepeceneHHAx KycKOB, xax b 2f HHJKe. ^ajiee nepea 
det g o6o3HaHaeTCfl onpeflejiHTejii. Mampuv,u gij (ho ne SHjiHHeiiHOH (JjopMbi g hjih r'{X)*g). 

2. (a) TeopeMa. MaTpHH,a gij b tohkc (m, v) b cTan^^apTHOM Saance ecTt MaTpHH;a CKajiap- 
Hbix npoH3Be;];eHHH (t.c. Maxpni^a FpaMa) 5a3Hca {r^^^.r^). 

(b) Cjie/],CTBHe. /JjiHHa o5pa3a KpHBott 7 = {ui,U2) '■ [a, 6] D Ka. HapaMeTpH30BaHH0H 
iiOBepxHOCTH r : D ^ R^ paBna 



/ . IYI Siju'iU'j dt= I Jr'*gr{^^){i,i) dt = I J gr{^){r'*i ,r'*i) dt. 

Ja Y Ja Ja 

B 3TOH 4)opMyjie nponyni,eHt>i apryMeHTbi t 4)yHKii,Hii 7,Mi,M2 h apryneHT M2(t)) 4)yHK- 

^HH r'*,5fjj-. 

(c) BbiHHCJiHTe MaTpHn;y g^j b tohkc b CTaH^apTHOM SasHce fljia HapaMeTpH30BaHH0H ho- 
BepxHocTH r{u,v) — {u,v, f{u,v)) (^epe3 4)yHKH;Hio / h cc nacTHMC iipoh3bo/j,hmc) . 

(d) To JKe napaMeTpHSOBaHHoi! noBepxHOCTH r(M, = {x{u,v),y{u,v), z{u,v)) (nepes 

4)yHKIl,HH X,y,Z m HX HaCTHbie IipOH3BOflHt>ie). 

(e) det g = gug22 — 5'i2 > b jiio6oh tohkb. 

(f ) TeopeMa. J\jia pasHbix HapaMeTpH3an;HH r, r OflHofi HenapaMeTpHSOBaHHon nonepxHO- 
CTH H cooTBeTCTByiOH],Hx MaTpHH; g, 'g BbiHOJiHeno 'g — J^gJ, r^e J = {r~^ o r)' . 

3. (a) TeopeMa. OToSpaaceHHe HOBepxHOCTeii flBjiaeTCfl BHyTpeHneii HSOMeTpHeii (i.e. co- 
xpaHHex jijmmA KpHBbix) lOTj^a, h tojibko Tor^a, Kor^a oho nepeBOflHT pHManoBy MCTpHKy na 
nepBoii b pHManoBy MCTpHKy na BTopott. 

(b) ^Jlfl HOBepXHOCTH H H TOHKH P £ H OHpeflCJIKM (|)yHKn;HIO 

/ = /n,p:n^R 4)opMyjioH f{X)^\P,X\\ 

rfle l-P, -'^ I — paccToanne ho noBepxHOCTH. Tor^a f'{P) = h BTopofi flH4)4)epeHH;Haji 4)yHKH,HH 
/ coBna;i;aeT c pHManoBoii MeTpHKoii. 

(c) TeopeMa. OTo5pa>KeHHe noBepxHocTefi jiBjiaeTCfl BHyTpeHnefi HSOMeTpnefi Tor^a h 

TOJIbKO TOr^a, KOr^a OHO COXpaHHCT paCCTOHHHH. 

4. (a) HycTB 7, /3 : [— 1, 1] — )> D — iiapaMeTpH30BaHHbie KpHBbie, iipH^eM 7(0) = /3(0) = X. 
06o3HaHHM (01,02) := 7'(0) h (61,62) := Tor^a KOCHHyc yrjia Me>K/],y kphbmmh r o 7 h 
r o ^ (na HapaMeTpH30BaHH0H HonepxHOCTH r : D ^ R^) b tohkc r{X) paBen 

Y.^,9^,<^ib^ r'*(?(7',/3') 9r{r'iyn 



Sflecb 7' H (3' Gepyxca b tohkc 0, a r, r', gfjj b tohkc X. 
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(b) BnyTpeHHaa HSOMexpHa coxpaHHex yrjibi Meac^y kphbmmh. 

5. (a) |r„ X r^p = detg. 

(b) Hjiomaflb nosepxHOCTH r{D) pasna J J ^ydet{r'*g)(^u,v) dudv, r^e (r *g){u,v) ~ MaxpHi^a 

D 

4)opMi,i {r'*g)(u,v) B 6a3Hce (0, 1), (1,0). 

6. (a) BbipasHTe • Vij nepes ^fjj. 

(b) BbipasHTe chmbojim KpHCTo4)4)ejia nepea pHManoBy MexpHKy. 

(c) TeopeMa. Hpn BHyxpenHeii HSOivrexpHH noBepxHOCxeii napaMexpnsoBaHHbie reoflesHne- 
CKHe TiepexojisT b napaMexpHSOBaHHbie reoflesHnecKHe. (^OKaacnxe 6e3 HcnojitsoBaHHa aaflanH 
3b H3 iiyHKxa 'reo^esHHecKHe'.) 

(d) TeopeMa. Hpn BHyxpeHHeii naoMexpHH noBepxHOCxeii ceMeiicxBO BexxopoB, napaji- 
jiejiBHoe BflOJiB HeKoxopoH KpHBoii, nepexoflHx b ceMeftcxBO BexxopoB, napajijiejiBHoe baojib ee 
oGpasa. 

(e) CjieflCTBHe. BnyxpeHHaH H30MexpHH coxpaHaex rayccoBy KpHBHsny. 

VKasaHue k 3a. CHanajia /j,OKajKHTe sjieMeHxapHtix HeiiapaMCTpHSOBanHBix iioBepxHO- 
cxett. ^Jia flOKaaaxejiBcxBa b HexpHBHajibHyio cxopony npoflH(J)(J)epeHii,Hpyiixe HHxerpaji, bbi- 
pajKaiomHii fljinny kphboh, no BepxneMy npe^ejiy, h HcnojiBsyfixe xojKflecxBO nojiflpH3ai];HH. 

Omeem k 6a. Snax CKajiapnoro nponsBefleHna onycKaexca. 

2rirjj = {gii)[, 2ririj = {guYj, 2rirjj = 1{gij)'^ - {gjj)\, r^e i ^ j. 

/],pyroH cnocoG: gij = urj, sHannx 2rkrij = {gki)'j + {gkj)'i - {9ij)'k- 

OnepaTop kphbhshm BeftHrapTena (sTopaa KBa^paTHHHaa (JjopMa). 
OnepaxopoM BeftHrapTena (hjih onepaxopoM 4)opMbi) KOopneHXHpoBaHHOH noBepxHO- 
cxH n C HaatiBaexca ceMeiicxBO onepaxopoB 

5p : Tp — >■ Tp {P e n), onpeflejieHHbix (JjopMyjioii qp{a) :— —dn/da — — (%„(t))J|t=o. 

Sflecb 7a : [—1, 1] — >■ n — xaxafl KpHBaa, hxo 7a(0) — P vl 7^(0) = a. (3xa depu6av,uoHHaA 
^opMyjia Beumapmena aanncbiBaexcfl xaicace b bh^b rii — —q}ri — qfr2-) 




lit) 

PucynoK 7: onepamop Beumapmena 



1. (a) HpHBefleHHoe onpeflejienHe KoppexxHO, x.e. dn/da jiejKHx b Tp h ne saBHcnx ox 
Bbi6opa KpHBOii 7a. 

(b) Haii^^Hxe onepaxop BeflHrapxena ccjDepbi h ri;HjiHH;^pa. 

(c) HailflHTe MaTpHn,y oiiepaxopa BeiiHrapTeHa b SasHce r^jVy. 

Bmopou KeadpamuHHOu (fiopMou KoopHeHXHpoBaHHoii HeiiapaMexpHsoBanHOH iioBepxnocxH 
n C HasbiBaexca ceMeiicxBO GnjinHettHbix (|)opM 

Qp : Tp X Tp ^ H (-P G n), onpeflejieHHbix 4)opMyjioH qp{a, b) := qp{a) ■ b = —b ■ dn/da. 
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(OopMajibHO, 3T0 ceMeiiCTBO jiynme Gmjio 6m HaabiBaTb emopou 6ujiuHeuHou (fiopMOu). 

2. (a) BTopaa KBaflpaTHHHas (|)opMa eflHHHHHoii ccj^epbi paBHa ee pHManoBofi MCTpHKe. 

(b) HafiflHTe BTopyio KBaflpaTHnnyio 4)opMy ii,HjiHHflpa. 

(c) TeopeMa. Maxpni^a BTopoii KBaflpaTHHHoii 4)opMi>i noBepxHOCTH z — f{x,y), Kacaio- 
meftcH njiocKocTH Oxy b nanajie KOopflnnaT O — P,b CTaH^apTHOM Saance flBjiaeTCfl reccHanoM 
4)yHKn;HH /. 

(d) HaiiflHTe MaTpHLi,y BTopoii KBa/j,paTHHHOH 4)opMi>i noBepxHOCTH r{D) b 6a3Hce ru,r^. 

3. PaccMOTpHM KOopneHTHpoBaHHyio noBepxHOCTb H C R^. 

(a) npoeKii,Hfl Ha HopMajib n{P) b tohkc P — 7(0) ycKopeHHs 7"(0) napaMeTpnaoBaHHOH 

KpHBOfi 7 Ha HOBepXHOCTH paBHa BTOpOH KBaflpaTHHHOH 4)0pMe OT BCKTOpa CKOpOCTH 3T0H 

KpHBOH B TOHKe P: n{P) ■ 7"(0) = gp(7'(0),7'(0)). 

(b) OnpeflejiHM oToGpaaceHHe d{e) : 11 — )■ (JjopMyjioii d{e){P) = P + en{P). Tor^a 

BTopaa KBa;];paTHHHa5i 4)opMa na KoopneHTHpoBaHHOH noBepxHOCTH 3a;];aeTCH conocxaBjie- 
HHCM KajK/],OH iiapaMeTpH3aLi,HH r : D ^ R^ KycKa btoPl iiOBepxHOCTH ceMeiicTBa MaTpHu, qij 
(b cxaHflapxHOM 6a3Hce (0, 1), (1, 0)) GnjiHHeHHbix 4)opM, HBjmiomHxcH o6paTHbiMH r-o6pa3aMH 
BTopoii KBaflpaTHHHoii (J)opMbi na t{D), T.e. GHjiHHeiiHbix 4)opM 

r'(X)*g : R^xR^ ^ R (X e D), onpeflejieHHbix 4)opMyjioH r' {X)*q{a,b) = qr(x){r'a,r'b). 

(MaTpHii,bi flOJiJKHbi 6bitb corjiacoBaHbi na nepeceneHnflx KycKOB.) 

4. BbiHHCjiHTe MaTpHi];y Qij b CTaH^apTHOM SasHce fljia 

(a) r{u,v) = (cos-u cos-?;, cos -u siiif , sin-u); 

(b) r{u, v) = (a cos u cos f , a cos -u sin f , c sin u) : 

(c) r(M, v) = ((2 + cosm) cosv, (2 + cosm) sinu, sinw); 

(d) r{u,v) = {f{u) cosv, f{u) smv,smu). 

5. TeopeMa. FjiaBHtie kphbhshbi h HanpaBjiennfl b TOHKe na noBepxHOCTH aBjifliOTCfl co6- 
CTBeHHbiMH HHCJiaMH H HanpaBjieHHflMH onepaTopa BenHrapTena (hjih napti nepBoii h BTopofi 

KBaflpaTHHHblX 4)0pM Q Ti Q, T.e. KOpHflMH ypaBHCHHa det(g' — Xq) = 0) B 3T0H TOHKe. 

r,meHUMU KpueusnaMU h SAaenuMU HanpaeAemiHMU MHoroMepnoH noBepxHOCTH b R™ 
Ha3biBaK)Tca: co6cTBeHHbie 3HaHeHH5i h co6cTBeHHbie BCKTopbi ee onepaTopa BeHHrapieHa (ko- 
Topbiii onpeflejiaeTca aHajiornHHo) . 

6. CcjDopMyjiHpyHTe h flOKaacHTe anajiorH HSBecTHbix BaM TeopeM o rjiaBHbix KpHBHsnax h 
HanpaBjieHHflx fljia TpexMepHbix noBepxHOCTeH b R^. 

7. * HycTb qij — MaTpHii,a BTopoii KBaflpaTHHHOH 4)opMbi b CTanflapTHOM 6a3Hce. 

(a) /(epueaii,uoHHue (fiopMyAU Faycca. = Tj^ri + r^^r2 + %n [Ra03 (528)]. 

(b) TeopeMa BoHHe. J^Be sjieMCHTapHbie HenapaMeTpH30BaHHbie noBepxHOCTH b R"^ oS-b- 
eMjieMo H30MeTpHHHbi Torfla n TOJibKo xor^a, Kor^a ohh hmciot napaMeTpH3an,HH, HH/],yn,H- 
pyiomHe oflHHaKOBbie nepBbie h BTopbie KBaflpaTHHHbie (|)opMbi (hjih oflHHaKOBbie pHManoBbi 
MeTpHKH H onepaTopbi BeiiHrapTeHa) [RaOS, §81]. 

YKaaaHHe. IlpHMeHHTe TeopeMy eflHHCTBeHHOCTH fljia CHCTeMbi ypaBHeHHii, cocTaBjieHHbix 
H3 ;];epHBan;HOHHbix cjDopMyji Faycca h BeHHrapTena. PeajiH3yioTC5i ne Bce napbi cJaopM, a TOjibKO 
y^OBjieTBopHiom,He ypaencHUHM Faycca u IJemepcoHa-Kodav^v^u [RaOS, §82, §83]. 

ynasaHue k 3a. /],OKa3aHo b Tene 'rjiaBHbie KpHBH3Hbi'. 
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BHJIHHeilHclH 4)OpMa KpHBH3HfcI PhHHH. 

B 3T0M nyHKTe H C R"* — noBepxHOCTb pasMepnocTH n. 

P^jia Pen onpeflejiHM (seodeaunecKoe) aKcnoHeHVtUa/i'bHoe omo6pacnceHue 

exp = exp p : X ^ U 4)opMyjioH exp(a) := 7p,a(l), 

rfle ■jp^a '■ [—1, 1] — >■ n — Ta reoflesHHecKaa, fljia KOTopoii 7p,a(0) — P n 7p_a(0) = a. S^ecb 
X <zTp — MHOJKecTBO Tex BeKTopoB a, fljifl KOTopbix onpeflejieHO 7p,a(l)- 



Tp 



exp 



lit) 

PucyHOK 8: aKcnoHeHv^uaAtHoe omo6pacHceHue u KeadpamuHHan (fiopMa Puhhu 

1. (a) P,^^ eflHHHHHOH c(J)ept.i 5*^ iipn 3KcnoHeHii,Hajit>HOM oToGpaaceHHH T(i^o,o) ~^ "S*^ no- 
jiapHbie KOopflHHaTBi nepexoflST b ccJjepHHecKHe: exp(l,p, (/?) = (cosp, sin p cost/?, sin p sine/?). 

(b) 06o6ii];HTe stot peayjitTaT fljia noBepxsocTeH Bpan],eHHfl. 

2. (a) ripaMaa, npoxoflfln^aa nepea P, nepexo^HT npn 3KcnoHeHii,Hajii>HOM OToSpaacenHH 
expp B reo;];e3HHecKyio. 

(b) BepHo jiH, HTo fljia jiio6oil iioBepxHocTH a tohkh na nen o6pa3 jiio6oh npsMOH npn 
3KcnoHeHii;HajibHOM OToGpasfeHHH aBjiaeTca reoflesHHecKoii? 

(c) 06pa30M niapa (b Tp) pa^nyca it! c ii,eHTpoM b P npn SKcnoHeHi^najiBHOM OToSpaacenHH 
expp HBjiaeTCfl map (na noBepxHOCTn) paflnyca R. 

(d) BepHo JIH, HTo jijis J11060H noBepxHocTH H TOHKH Ha Hen o6pa3 jiio6oro mapa npn 
3KcnoHeHLi,HajibHOM OTo6pajKeHHH HBjiaeTCH mapoM? 

3. (a) CncTeMa Koop^HHaT 3KciiOHeHii,HajibHoro oTo6pa>KeHHH exp HBjiaeTCH eeKAudoeou 
B TOHKe P, T.e. gp{u,v) — u ■ v Ji gx{u,vyx\x=p = (hjih, b Koop/j,HHaTax, gij{P) = Sij h 

(b) BnyTpeHHafl H30MeTpHfl coxpanjieT 3KcnoHeHii;Hajit>Hoe OToSpaaceHHe: ecjiH / : 11 — > IIi 
— BHyTpeHHflfl HSOMeTpHfl, TO cxpj^p) (/'(P)ii) = /(exppii). 

4. HaHOMHHM, HTO CKttAfipHOU KpU6U3H0U HOBepXHOCTH 11 B TOHKe P HaSBIBaeTCfl ^HCJIO 

T — Tu,p '■— 6(n + 2) lim — — — ^, r^e V[i,p(-R) — oGi^eM mapa na 11 paflnyca R c 

H;eHTpoM B TOHKe P E p. 

(a) /loKajKHTe, hto TaKofi npejieji cymecTByeT. 

(b) BbipasHxe cKajiflpnyio xpHBHsny nepea Qij^ki (rfle HHJKHHe HHfleKcti k h / osHaHaioT 
flH(J)(J)epeHH,HpoBaHHe uo k fi I). 

BHjiHHeiiHafl 4)opMa Phhhh OHHCtiBaeT HCKaacenne o6T>eMa npn 3KCH0HeHn;HajibH0M oto6- 
paaceHHH. BHjiHHeftHoii (JjopMoii (TensopoM) Phhhh n-Mepnoii HonepxHOCTH 11 C R"* b 
TOHKe Pen HaatiBaeTCfl Taxafl CHMMeTpHHHafl SHjiHHeiiHafl 4)opMa p — pp : Tp x Tp ^ H, 
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l/(exp(A)) = - i [ p{u,u)du + 0{K'^^) 



npH h = diam(yl U P) 



no HSMepHMMM MHOJKeCTBaM A dTp. 

Hjih, 3KBHBajieHTHo, HTo fljis jiio6oro eflHHHHHoro n-MepHoro Ky6a A (ZTp c BepniHHOH b 
P BbinojiHeno 



AnajiornHHaH 4)opMyjia cnpaBe;];jiHBa c saMenofi Ky6a ^ na jiio6oe H3MepHMoe MHOJKecTBO 

yl C Tp H /i" Ha H h'"+^ He mchhiotch). 

5. (a) TaKaa cHMMexpHHHaa 6HjiHHeHHaa (|)opMa cymecTByeT h eflnncTBeHHa. 

(b) BbipasHxe GHjiHHeiiHyio (J)opMy Phhhh nepea fifij^fc;. 

(c) BHyTpeHHflfl H30MeTpHfl coxpaHfleT SHjiHHefiHyio 4)opMy Phhhh. 

riycTb P" — eflHHHHHbiii map b R'* h — ero n-MepHbift oSteivi. 

6. ^Jia CHMMeTpHHHoii SHjiHHeiiHOH 4)opMi>i u : R" x R" — >■ R 

(a) cymecTByeT h e^^HHCTBeneH oiicpaTop uj : R"^ — )■ R"^, fl^jm KOToporo uj{u) ■ v — oj{u, v). 

(b) ^oKajKHxe, hto (n + 2) uj{u, u)du = Vntiu = Vn i^(ei, Cj). 

(c) ^OKa>KHTe, HTO jj^uj{u,u)du = |tra; + | 2j<;j (^(cj, Cj), ecjiH Ky6 A naTanyT na opTO- 
HopMHpoBaHHBiii 6a3HC Ci, . . . , e„. 

7. (a) TeopeMa. r = tr p. 

(b) ^OKaJKHTe, HTO 2pp{u, u) = Te^pp{u,ei),P, Tfle | w| = 1 H Ci , . . . , e„_i — OpTOHOpMHpO- 

BaHHBiii 6a3HC b opToronajibHOM ;];onojiHeHHH k u b Tp n {u, Cj) — flByMepnafl hjiockoctb b Tp, 
HaTHHyxaa na BeKTopbi u m Ci [BBB06]. 

(c) EcjIH ei, . . . , e„ — OpTOHOpMnpOBaHKblft 6a3HC B Tp, to Tu,P = J^^^j Te^pp{ei,ej),P- 

(d) * TeopeMa. JJ^jm /j,ByMepHOH noBepxHOCTH b R"* HMeeM 



no HSMepHMbiM MHOJKecTBaM A C Pp. Hhbimh cjioBaMH, GHjiHHeiiHafl 4)opMa Phhhh nponop- 
ii,HOHajibHa pHManoBOH MeTpHxe c KoscJicjDHi^HeHTOM r/2: 2p[u,v) = tu ■ v fGr90, MF04, Ra04]. 

BbiHHCjiHTejibHbic 4)opMyjiM SHjiHHeHHOH (j3opMt>i Phhhh hohbhtch /j,ajiee. 

YKaaaHue k 3a. OSosnanHM e := cxpp : Tp —)> 11. Tor^a gA{u,v) = e'^u ■ e'j^v ^jih A,u,v G 
Tp. (Hjih, b Koop^HHaxax, gij^A = e'^aj ■ e'^Oj, r^e Tp oTo>K;],ecTBjieHo c R" npn noMoni,H 
HeKOToporo opTOHopMHpoBaHHoro 6a3Hca ai, . . . , a„.) 

Tax KaK e'(P) = id Tp, to gp{u, v) — u ■ v. (Hjih, b Koop^HHarax, gij{0) — ai ■ Uj — Sij.) 

Tax KaK 7„(t) := e{P + ut) — reo^^esHHecKaji, to ep{u, u) = 7^(0) _L Tp p^jia jiioSoro u G Tp. 
Torfla ep{u, v) _L Tp flxra j[io6bix u,v & Tp. SnannT, fljia u,v,w G Tp HMeeM 

gp+w{u, v)'^ = gp+wt{u, v)t\t=o = (ep+^tii • e'p^^tv)t\t=o = ep(w, • e'pV + e'pU ■ e"p{w, v) = 0, 

HocKOJiBKy (ep+^Jj|t=oM = ep{w,u). 

SoMeuaHue. To JKe flOKasaTejiBCTBO paBencTBa g'^j = moscho HSjroacHTB h KOopflnnaTHO. 
KpHBaa j{t) :— e{at, bt,0, . . . , 0) 5iBj[5ieTC5i reoflesHHecKoii pjia j[io6i>ix a h 6. Tor^a j"{t) ■ Ck — 
(a^Cii + 2abei2 + ^^622) ■ — fljia j[io6oro /c. (^oraflaiiTecb caMH, hto Taxoe e^.) OTCiOfla 




n 





u^du + o{h^) npH h = diam(A U P) 
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eii ■ Cfc = ei2 ■ Cfc = 622 ■ Cfc = 0. AnajiornHHo Cij ■ = fljia jiio6bix i, j, k. Tor^a b stom 6a3Hce 

i9ij)'k ~ i^i ' ^j)'k ~ ^ik ' + ^jk " = 0. 

SoMenaHue. PaBencTBO g^j (P) = paBHOCHjibHO TOMy, ^to b e-OKpecTHOCTH tohkh P c toh- 
HocTbio o{e) napajiJiejibHL.iH nepenoc KOMMyTHpyeT c 3KcnoHeHii,Hajii>HbiM OToSpaaceHHeM, 
HjiH opToroHajibHOCTH oiiepaTopa e^. 

ynasaHue k 4- (a) BosbMeM opTOHopMHpoBaHHbiii 6a3Hc f i, . . . , f„ b Tp. HocKOJibKy reofle- 
SHHecKaa CHCTeMa Koop/j,HHaT eBKjiH^oBa (3a), to gij{u) = 6ij + o{\u\) . HosTOMy 

^ det gij{u) = ^/T+~o^X\u\) = 1 + 02(|ii|). 

SnaHHT, 

BBHfly GecKOHeHHoii flH4)4)epeHii,HpyeMocTH (|)yHKii,HH Vn,p(-R) iiojiynaeM TpeGyeMoe. 
(b) AHajiorHHHO, HanHHaa c paBencTBa gij{u) — 5ij + ^kidijM'^k^i + o(|iip). 
YKasaHue k Sab. BosbMeM opTOHopMHpoBaHHbm Saanc Vi, . . . ,Vn b Tp. 

(a) AHajiorHHHO sa^ane 4a ^/det gij{u) — l-\-o{\u\). Tax xax K(exp(74)) = y/det gij{u)du, 
TO BBH;];y 6ecKOHeHHOH ;];H4)4)epeHii;HpyeMOCTH 4)yHKn;HH V{exp{hA)) nojiynaeM TpeGyeMoe. 

(b) HocKojibKy reo^esHHecKaa cHCTCMa KoopflnnaT eBKjm^oBa (3a), to gijiu) = Sij+Rij{u, u) + 
o(|Mp), vflfi Rij — KBa^paTHHHaa 4)opMa no u (Tonnee, Rij{u,u) = '^^idiJM'^kUi)- HosTOMy 




TaK KaK V {exp(A)) = ^Jdet gij{u)du, to cj^opMyjia h3 onpeflejieHHs GHjinneHHOH 4)opMbi 
Phhhh 6y^eT Bepna, ecjiH iiojiojkhtb p{u,v) := | i?jj(-u, m). 

SaMenaHue k 5a. PIciiojibsyeM yKasanHe k sa/i^ane 3a. IlocKOJibKy rco^esHHecKaa CHCTCMa 
KoopflHHaT eBKjiHflOBa, TO no 4)opMyjie Tettjiopa e'^Vi = Vi -\ — — ■ — — + o{\u\'^), 

2Rij{u, u) = Vj ■ e'^{u, u, Vi) + Vi ■ e'^{u, u, Vj) h 2p{u, m) = ^ • e'^{u, u, Vi). 

i 

06T.HCHHM cMbicji BbipajKeHHs e'^{u,u,Vi). 06o3HaHHM Hepes [L,L'] BeKTopnoe npocTpancTBo 
jiHHefiHbix onepaTopoB h3 BexTopHoro npocTpancTBa L b BexTopnoe npocTpancTBO L' (bcb 
BexTopHbie npocTpancTBa paccMaTpHBaioTca na^ R). Tor^a e' : Tp ^ [Tp,Tp] (e' ne o6a- 
saTejibHO jiHHeiiHo). SnanHT, ej[ : Tp — )■ [Tp,Tp] — jiHHefiHbiH onepaTop, hjih oToGpaaceHHe 
e'l^ : Tp X Tp ^ Tp, jiHHefiHoe no BTopoMy apryMeHTy. ToTjia e" : Tp — )> [Tp, [Tp,Tp]] (e" 
He o6H3aTejibHo jiiiHeiiHo). HosTOMy e^' : Tp — )■ [Tp,[Tp,Tp]\ — jiHHeiiHbiH onepaTop, hjih 
OToSpaaceHHe e'^ : (Tp)^ — )■ Tp, jiHHenHoe no BTopoMy h TpeTbeny apryMBHTaM. 

YKasaHue k 7. (a) Cjie^yeT hs 6b. 

(c) Cjie^yiOT H3 7ab. 

(d) H3 3ajia.H la h 7d cjic^yiomeH TeMbi BbiTCKaeT p = ag, T.e. p = aid. OTcmjia \\ h3 
r = trp (7a) HOJiynaeM r = 2a r 2p = rg. Bbijio 6bi HHTepecHo HaftTH npsMoe flOKa3aTejibCTBo 
(cp. c 5a). 



38 



TeH30p KpHBH3HfcI PHMaHa. 

B 3T0M nyHKTe H C R"* — noBepxHOCTb pasMepnocTH n. 

HycTb A a Tp — oSjiacTb c KycoHHO-rjiaflKofi rpaHHii,eH dA, coflepjKaiii,eH tohky P. 06o- 
3HaHHM Hepe3 (t(A) :Tp^Tp jiHHeHHbiii onepaTop, conocTaBjiaioiii,Hii BCKTopy x ^Tp BexTop, 
nojiyHeHHtiH h3 x napajijiejibHbiM nepenocoM Bppjih opHeHTHpoBaHHOii KpHBOii expp[dA). 06- 
jiacTb A cHHTaexca nacTOJiBKo Majioii, hto expp^dA) onpe^ejieHo. 

OnepaTopoM cbkuihohhoh kphbhshbi noBepxHOCTH H b tohkc P G H, OTBeHaioii],HM 
nape u,v e Tp jiHHeiiHO HeaaBHCHMbix BexTopoB, HaatiBaeTca TaKoii jiHHeiiHbiH onepaxop 
R{u,v) — R{u,v)p : Tp — >■ Tp, hto fljia napajiJiejiorpaMMa Au^y, HaTanyToro na u,v, HMe- 
eM 

a{hAu^.,) = E + h'^R{u, v) + o{h'^) iipw /?. — > 0. 

3/],ccb opHeHTHpoBaHHaa KpHBaa d{hAu .J) bbixo^^ht h3 P b HaiipaBjieHHH BCKTopa u. 
Ecjm u VL V jiHHeiiHo saBHCHMbi, to iiojiojkhm R{u, v) = 0. 





a{exp{hdAyy))v{0) 



PucynoK 9: onepamop ceKV,uoHHOu Kpueuanu 

^jifl opneHTHpoBaHHOH flByMepHOH noBepxHocTH n H TOHKH Pen o6o3HaHHM Hepe3 R'p : 

Tp — )■ Tp noBopoT Ha a OTHOCHTejitHO tohkh P. 

B sa^anax 1 h 2 Ha/j,o, b HacTiiocTH, ;j,OKa3aTb, hto R{u, v) cymecTByeT. 



1. (a) J\im n = 2 hmccm a{hAu^v) = R 



S{cxp{hAu,v)) 



(b) JXjm n = 2 HMeeM R(u, v)p = {apu A v)Pp . 

(c) ripH iiapajiJiejibHOM nepenoce B^ojib kphboh, jiejKameH na ^ByMepnoii noflnoBepxHO- 
CTH B Hameii noBepxHOCTH, napajiJiejibHOCTb k noflnoBepxHOCTH KacaTejibHoro k noBepxHOCTH 

BCKTopa He o5H3aTejibHO coxpaHHeTca. 

(d) * u ■ R{u,v)v = (Jcxp{u,v)U A V. (Hhcjio (Jcxp{u,v) Ha3biBaeTCH ceKii,uoHHOu KpueusHOU no- 
BepxHOCTH n B TOHKe P, OTBeHaiOUJ,CH liapC JIHHCHHO He3aBHCHMbIX BCKTOpOB U,V.) 

2. (a) BepHO jih, hto /^jm n = 3 BbmojmeHO R{u,v) = (Jcxp{u,v)U A vR^J"^ o pr, r^e {u,v) — 
njiocKOCTb B Tp, naTSHyTaa na BeKTopbi u,v, a pr : Tp —)■ {u,v) — opToronajibnaa HpoeKH,H3? 

(b) J\jiii CTanflapTHoii ccjjepbi S'^ — {x^ -!-••• + xf^ = 1} b Tonxe (0, . . . , 0, 1) Bbinojineno 
R{u, v)w — u{v • w) — v{u • w), r^e u,v,w — KacaTejibHbie BexTopbi k jS". 

3. (a)* OnepaTop R{u,v) ceKn;HOHHOH KpHBH3Hbi cyni,ecTByeT n eflnneTBenen. 

(b) Oh JIHHeHHO 3aBHCHT OT U, V. 

(c) TeopeMa. a{A) = E + S{A)R{u,v)+o{S{A)) npn diamA ^- no oGjiacTSM ^ C Tp 
c KycoHHO rjia^KOH rpaHHu,eH, co/],ep>Kanj,eH TOHKy P. 

(d) BnyTpennfla H30MeTpHfl eoxpanaeT onepaTop ceKn;HOHHOH KpHBH3Hbi. 

4. TeopeMa o cHMMeTpnax Tenaopa PHMctna. 
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(a) R{u,v) KococHMMeTpHHen, T.e. [R{u,v)x] ■ y = —[R{u,v)y] ■ x. 

(b) R{u,v) KOCOCHMMeTpHHen no u,v: R{u,v) — —R{v,u). 

(c) Toofcdecmeo BhHHKu (aAse6pauHecKoe) . R{u, v)x + R{v, x)u + R{x, u)v — 0. 

(d) [R{u, v)x] ■ y = [R{x, y)u] ■ v. 

5. TeopeMa. (a) CymecTByex h e^HHCTBeHHO TaKoe 4-jiHHeHHoe oToGpaaceHHe R = Rp : 
(Tp)*^ — 7> R, HTO exp'{u)x ■ exp'{u)y = x ■ y + ^R{u,x,u,y) + o(|Mp) npn jiK)6bix nocT03HHbix 
x,y eTp. exp'{u) : Tp Texp(„). 

(b) CymecTByeT h eflHHCTBeHHO Taxoe TpHjinneHHoe OToSpaaceHHe Rp : (Tp)^ — > Tp, hto 
Rp{u, x,v) - y^ Rp{u, X, v, y). 

(c) * Rp{u, x)v-y^ Rp{u, X, V, y). 

(3to j^&ei SKBHBajieHTHoe onpe^^ejienne onepaxopa ceKi^noHHoii kphbhshbi h, snaHHT, tch- 
3opa KpHBH3Ht>i PHMaHa, CM. HH>Ke. HMeHHo xaK ero onpe^ejiaji PHMan [Ca28, 9.1, cxp. 204].) 

(d) B CHCTeMe Koop/j,HHaT 3KcnoHeHii,Hajii>Horo OToSpaaceHHfl Rijki = gij,ki- 

(e) HaftflHTe KOMnoneHTBi Rijki flJia noBepxHOCTH r : D — > H b Saance (ru,r^). 

6. * (a) [MF04, Ra04] TeopeMa. Cjieflyioiii,He ycjiOBna na sjieMeHTapnyio n-Mepnyio no- 

BepXHOCTb paBHOCHJIbHbi: 

(1) OHa HSOMeTpHHHa HeKOTopofl HacTH npocTpaiiCTBa R"; 

(2) iiapajiJiejiBHtiil iiepenoc no saMKnyxoMy Konxypy nepeBOflnx Kaacflbin Bexxop b ceGa; 

(3) Bce ee onepaxopti ceKn;HOHHOH KpHBnanbi b jiioSoh xohkb nyjieBbie (hjih o^nn xenaop 
KpHBHsnbi PnMana nyjieBoii, cm. nnace). 

(b) EcjiH na oflHOCBflSHoii noBepxnocxn Bbinojineno (3), xo noBepxnocxb napajiJiejinayeMa. 
TeH3opoM KpHBHSHbi PHMaHH B xoHKB P (MnoroMepnofi) noBepxnocxH n C R"* nasBi- 
Baexca xpHjinnennoe oxoGpaacenne 

R : (Tp)^ — >■ Tp, onpe^ejiennoe 4)opMyjiOH R{u,v,x) :— R{u,v)x. 

7. (a) BbinncjiHxe KOMnonenxbi i?*^; na flByMcpnon c4)epe b ccJ^epnnecKHX Koopflnnaxax. 

(b) TeopeMa. J\jiii ^^ByMcpnoii noBcpxnocxn b R"* xensop PnMana Bbipaacaexca nepes 
pnManoBy Mexpnxy n ceKU,nonnyio KpnBnany: R{u, v, x) = au A vR^^'^{x). 

(Hjin, B cncxeMe Koop^nnax 3Kcnonenn;najibnoro oxoGpajKenna, i?i2i2 = crdet(giij); ocxajit- 
nbie KOMnonenxbi nyjieBbie hjih paBHbi ±i?i2i2 BBn^y cHMMexpntt xensopa PnMana.) 

(c) TeopeMa. /Jjih xpexMcpnon noBepxnocxn b R"^ xensop PnMana BbipajKaexca nepea 
pHManoBy Mexpnxy n Gnjinnennyio cj^opMy Phhhh: 

R{u, v)x — p{u, x)v — p{v, x)u + {u ■ x)p{v) — {v • x)p{u) + —[{v ■ x)u — {u ■ x)v\. 

(d)* TeopeMa. Enjinnennaa 4)opMa Pnnnn panna cnepxKe xenaopa PnMana: p{u,v) — 
Y^-R{ei,u)v ■ Ci. 

SaMeHanne. B onpe^ejiennH onepaxopa ceKn,nonnoH KpnBnanbi (n ncKoxopbix aaflaiax 3xo- 
ro, no ne npeflbiflyni,ero, nynxxa) 3Kcnonenn;najii>noe oxo6pa:acenne Moxcno saMennxb na npo- 
nsBOJibnoe oxoSpaacenne / : A — >■ H (A C Tp), fljia Koxoporo f{tv)[\t=Q — v npn jiio6om 
V & A (BBHfly rjiaflKocxn flocxaxonno Bbinojinenna sxoro ycjionna fljia Gaancntix bbkxopob). 
HanpnMcp, na oxoSpaacenne, jiOKajitno oSpaxnoe npoeKn;nn na Kacaxejitnyio hjiockocxb. 

yKasaHHa. 

1. (a) Ho xeopcMe Egregium Faycca. 

(b) Anajiornnno npeflbiflyni,eMy nynxxy S {ex]){hAu^y)) — h?u f\v + o{h?). 
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(c) PaccMOTpHTe c4)epy b (hjih OKpy>KHOCTi> b R^). 

3. (a) BosbMCM 'ecTecTBeHHyio' KpHByio 

7 : [0, 4/i] D, fljifl KOTopoH 7(0) = 7(4/i) = P h 7(0, 4/i] = exp p{hdAu,v)- 

06o3HaHHM nepes w{t) — aj(i)ri(7(t)) peayjiBxaT nepenoca BexTopa w{Q) Bflojib OTpeaxa 
7[0, i]. ^ajiee riponycKaeM apryMeHT t 4^yiiKLi,HH w{t), a{t), 7(i) h hx npoHSBOflHbix, a Taicace 
apryMCHT j{t) OTo6pa>KeHHH h drj = r-. /Jajiee mxpHX oGosHanaeT npoHSBO^^nyio no t. 
HanoMHHM, HTo r^(7(t)) : R" "^lit) — JiHHeHHbm onepaTop. JXjis. jiioGoro j HMeeM 

i 

J\ji5i (jDHKCHpoBaHHoii napaMeTpH3ai];HH r sto ypaBHenne napajiJiejitHoro nepenoca MOJKno npe^- 
CTaBHTb B BHfle o' = Fj{'y')a, r^e Fp{x) : R" — >■ R" — jinnennbin onepaTop. Tor^a w{l) — 
e^p[- J^^ F^{i)dt]w{0). HMeeM 

4h h h h h 

J F^{'j')dt = J F^h-vtiv)dt + J Fy^h+vh-ut{u)dt - j Fuh+vt{v)dt - j Fut{u)dt. 
000 00 

TenepB nyacnoe yxBepjKfleHHC iiojiynaTca iiyTCM b33th3 nanajit>nt>ix HjienoB pafla Tenjiopa 
SKcnonenTbi onepaxopa n oneparopa Fp{x). 

(d) HcnojiBsyHTe nnBapnanTnocTb napajijiejitnoro nepenoca npn nnyTpenneii HSOMeTpnH. 

4. (a) OnepaTop cr{A) opToronajien. 

(b) HMeeM a{Ay^u)o'{A.u,v) — E. Pasjiaraa c TonnocTbio flo o{h^), nojiynacM xpeSyeMoe. 

(e) Cmpyer ns 4abc. 

5. (a) CnepyeT ns eBKjin^^oBOCTH MexpHKH. 

(b) /locTaTOHHO /],OKa3aTt> fljia {u,v,x,y) = {hek,hei,ei,ej). HcnojitsyiiTe lb n 2a. 

7. (a) HciiojibsyHTe 7b. 

(b) BbiTeKacT h3 la. 

(c) BbiTeKaeT h3 7d. 

(d) /^ocTaxonno flOKasaxb fljis {u,v) = (efc,e;). HcnojibsyiiTe lb, panencTBO t — 2a n 
BbipaJKenne KBa^^paTHHHon (JiopMbi Phhhh nepes CKajiapHbie kphbhshm. 

^pyroe yKasanne. HocKojibKy reofleannecKaa cHcxeMa Koop^nnaT eEKjin^oBa, to gij{u) = 
Sij + Rij{u,u) + o(|Mp). Hs pemennfl saflann 3a npe^bi^yn^ero nynxxa nojiynaeM 2p{u,u) :— 
'^■Rii{u,u). HosTOMy nyacnoe yTBepac^enne BbiTCKaeT h3 5b. 
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KOBAPHAHTHOE AH®OEPEHLI;HPOBAHHE 

npHMepbi TeHsopHbix nojieii. 

Co6upan)mcA, cmmueammcH c paanux Mecm euaueacMue npedMemu, 
npuHCM UHUM npuxodumcA npeodojieeamb ne moji'bKO dajib, ho u daenocm'b... 

B. Ha6oK06, KopojieK. 

BenmopHUM noACM na nosepxHOCTH 11 HasMBaeTCfl ceMeiiCTBO KacaTejibHbix seKTopoB vp & 

Tp (P G n), HeiipepbiBHoe no P. 

1. Ha C(j3epe 6e3 cesepHoro h lOJKHoro iiojiiocob sa^ano BeKTopnoe nojie. HpH CTepeorpa- 
(J)HHecKOH npoeKii,HH H3 ceeepHoeo iiojiioca (lOHHee, npn oTo6pa>KeHHH, HHflyii,HpoBaHHOM stoh 
npoeKi^nefi) sto nojie nepexoflHT b nocTOflHHoe BeKTopnoe nojie na hjiockocth. HepexoflHT jih 
3T0 nojie B nocToaHHoe BeKTopnoe nojie na hjiockocth npn CTepeorpacJjHHecKofi npoeKn;HH h3 
toofCHOso nojiioca? 

OnepamopnuM uoacm na noBepxHocTH 11 HaatiBaeTCfl ccMeficTBO jiHHeiiHbix onepaTopoB 
Ap : Tp Tp (P G n), HenpepbiBHoe no P. 

KoeenmopHUM noACM na noBcpxHOCTH 11 nasBiBaeTca ceMeiicTBO kobcktopob (=jiHHeHHbix 
4)yHKii,HOHajiOB) </?p : Tp — > R (P G n), nenpepbiBHoe no P. 

UojieM 6ujiuHeuHux omo6paotceHuu (=cf)opM) na iioBepxHOCTH U HaatiBaeTCfl ceMeftcTBO 
SHjiHHeiiHbix OTo6pa>KeHHH cjp : Tp x Tp ^ R (P G IT), nenpepbiBHoe no P. 

UoAeM k-AUHeuHux omo6pacHceHuu (=(f)opM) na iioBepxHOCTH 11 nasBiBaeTca ccMettcTBO k- 
jiHHeHHbix oTo6pa>KeHHH cop : (Tp)^ — )■ R (P G n), neiipepbiBHoe no P. 

Bojiee TOHHO, onpeflejiennbie Bbime BCKTopHbie nojia nasBiBaiOTCfl KacameAbHUMU BCKTop- 
HbiMH nojiflMH. AnajiorHHHoe aaMenanne cnpaBCfljinBO fljia onepaTopnbix n flpyrnx paccMaT- 
pHBaeMbix nojieii. 

2. Cyn];ecTByeT jih na Tope b R^ nojre 

(a) HenyjieBbix BCKTopoB? 

(b) HenyjieBbix kobbktopob? 

(c) neBBipoacflenHBix onepaTopoB? 

(d) nojiojKHTejiBHO onpeflejrenHbix CHMMeTpnHHbix SnjEHHenHbix 4)opM (GnjinHennaH (J)opMa 
B : V X V ^ H nasBiBaeTca noAocucumeji'bHO onpede/ieHHOu, ecjin B{a,a) > fljia j[io6oro 
aeV-{0})7 

(e) HeBbipo>K/j,eHHbix KOcocHMMCTpHnnbix GnjEHHenHbix 4)opM (GnjEHHeHnaa 4)opMa B : V x 
y — > R nasbiBaeTCfl neeupocHcdeHHOu, ecjin fljin jnoGoro a & V — {0} naiifleTca TaKon x & V, 
HTo B{a,x) 0)? 

(f) * onepaTopoB Ip : Tp ^ Tp, ^jih KOTopbix Ip — —El 

3. (abcdef) To ace, hto h b sa^^ane 2, ho fljia juncTa MeGnyca. 

4. (a)* TeopeMa o e:a<;e. Ha c^epe S"^ ne cymecmeyem (Kacame/ibHoso) eeKmopnoso uoaa 
U3 HenyAeeux eenmopoe. 

(b) BbiBeflHTe ns (a), hto na ccj^epe ^S"^ ne cymecTByeT KOBCKTopnoro nojia h3 nenyjEeBbix 

KOBCKTOpOB. 

(def) To JKC, HTO B aaflane 2def, no fl^a c4)epi>i S^. 

5. (abef) To jkc, hto b 2abef, no ^jisi ccjjepti — {{x, y, z, G R^ | x^ + y^ + z^ + w^ = 1}, 

UJUOC 

(g) HeBBipojK^eHHbix TpHjinneiinbix cj^opn; 

(h) HeBBipoacflennbix bcktophbix npoHSBeflennH. 

Omeem k 2a, 3a u 5a. J\&. 
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VKasaHue k nyuKmaM (h) ecex sadan. Ecjih {vp} BeKiopHoe nojie, to KOseKTopHoe nojie 
MOJKHO onpeflejiHTb 4)opMyjiOH (fip{u) :— u ■ vp. 

VKaaanue k nyuKmaM (c) ecex aadau. ^a, Ap{v) :— v. 

YKasaHue k nyuKmaM (d) ecex aadan. ^a, Bp{u,v) :— u- v. 

VKaaanue k 2e u 4e. ^a. BoatMHTe opneHTiipoBaHHyio njiomaflb. 

VKasaHue k 2fu 4f- A^- BoatMHTe noBopoT KacaTejitHoii hjiockocth na 7r/2 fljia BbiSpaHHofi 
opHeHTan;HH Topa hjih ccj^epbi. 

Omeem k 3ef u 5e. Hex. 

VKasaHue k 2 u 5. IlocTpoHTe jx^a. hjih xpn BeKTopntix nojiH, jiHHefiHO nesaBHCHMbix b 
KajKflOH TOHKe. Torfla nyacHbie oGi-eKTbi flocTaxoHHo nocxpoHTb b oflHofl tohkc. 

KoBapHciHTHoe flH4)4)epeHii;HpoBciHHe d^ymaxaVL. 

0. ^Jifl 4)yHKii;HH / : — )■ R nanHniHTe onpeflejiennfl nacTHOH npoH3BOflHOii, nponsBOflHOii 
b HanpaBjieHHH BexTopa {a,b), rpa^^Henxa h npoHSBOflHOii — Bce b tohkb (xo,yo)- Hmgiot jih 
3TH oripe^ejieHHH cmbicji p^jis 4)yHKn;HH / : S*^ — )■ R? 

Sflecb H flajiee 11 C R™ — iioBepxHOCTb ii / : 11 ^ R — (J)yHKri,H3. 

^jifl P e n H 14 e Tp nepea 7„ = 7„^p : [— 1, 1] — > H o6o3HaHaeTCfl npoHSBOJitHafl KpHBaa, 
flJIfl KOTOpOH 7u(0) — P n 7u(0) = li. 

IIpoHSBOflHoii (})yHKii;HH / : n ^ R B tohkc P G 11 no nanpaBJieHHio KacaTejibHoro 
BeKTopa u & Tp (TOHnee, no KacaTejibHOMy BexTopy u e Tp) nasBiBaeTca hhcjio (Vu/)p := 

[f{ium't\t=o- 

1. (a) HpHBefleHHoe oiipe/j,ejieHHe npoHSBOflHoii KoppeKTHo, x.e. ne sasHCHT ot Bt>i6opa xpn- 
Boii 7„. (PeKOMeHflyeTCfl CHanajia peniHTb cjieflyiomne nynKTbi b npeflnojioacennH KoppexTHO- 

CTH.) 

(b) 3a^a;];HM d^jBKixmo f : S'^ H (j3opMyjioH /(P) = sin ZPOZ , r^e Z = (0,0,1) h 
O = (0,0,0). HaH/],HTe iipoH3BO/],Hyio STofl 4)yHKii;HH b TOHKe {x,y,z) = (1/2, 0, -s/3/2) no 
nanpaBJieHHio Kacaxejibnoro BCKTopa (0, 1,0). 

(C) V„(/l + /2)=V„/l + V„/2. 

(d) Vuifg)^{Vuf)g + fVug. 

(e) IlycTb r : D — 7> n — napaMeTpH3an,Hfl noBepxnocTH. BbipaanTe (Vuf)p nepea KOopflH- 
naxbi {a,b) BCKTopa u b 5a3Hce {r^,ry). 

IIpoHSBO^HOH (=/],HcJ)cJ)epeHu,HajiOM) 4)yHKLi,HH / : 11 ^ R nasbiBaeTca ceMencTBo 
(=nojie) V/ KOBCKTopoB (=jiHneHHbix (J)yHKn,HOHajiOB) 

{(V/)p}pen, aaflannbix (JjopMyjioii (V/)p('u) := (V„/)p. 

2. (a) OToSpajKenne (V/)p : Tp — >■ R flencTBHTejiBno aBjiaeTca jinnennbiM 4)ynKn,HonajiOM, 
T.e. (V/)p(Aa + ptb) = A(V/)p(a) + /x(V/)p(6). 

(b) Hafl^^HTe Koop;];HnaTt>i nponsBo^^noii 4)ynKn;HH h3 sa^^ann lb b nponsBOJibnon tohkb P 
c4)epBi H neKOTopoM SasHcc b Tp (Bbi6epHTe n yxajKHTe Gasnc caMn). 

(C) V(/l + /2) = V/l + V/2. 

{d)V{fg) = {Vf)g + fVg. 

(e) riycTb r : D — 7- n — iiapaMcrpHsai^na noBepxnocTH. HanflHTe KOopflnnaTti jinneiinoro 

4)ynKn;Honajia (V/)p b GasHce {rx,ry)p. 

(f) IlycTb if : D ^ D — saivieHa Koop^nnaT. BbipasHTe 6a3Hc [ip o r)x-,{^ o r)y nepes 
npoH3BOflnyio oTo6pa>KenHH 93 n Gasnc r^jVy. 
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(g) KaK iipcoSpasyioTca KOopflHHaTBi npoHSBOflHott npn saMene KoopflnnaT ip : D ^ D7 
3. (a) CymecTByeT eflHHCTBeHHbiH KacaTejitHbiii ecKmop epaduenma (grad/)p b TOHxe P, 
fljia KOToporo ( V^/) p — u ■ (grad /) p npn jiioSom u. 

(b) SannniHTe rpaflneHT 4)yHKii,HH b nojiapHbix KOopflHHaxax b R^, b ccJjepHnecKHx Koop- 
jXUHaTax Ha ccjjepe n b ccJ^epHnecKHx KOopflHHaTax b (cooTBeTCTBeHHO fljia 4)yHKii,HH 
R2 ^ R, 52 ^ R H R3 ^ R) . 

(c) HanpaBjieHHe HanSojibmero pocra 4)yHKij,HH b neKOTopofi TOHxe saflaeTca BexTopoM ee 
rpaflneHTa b SToii tohkc. 

(d) JIuHueu ypo6HA 4)yHKii;HH / : 11 — )■ R HaatiBaeTCfl MHoacecTBO f~^{c), r^e c e R. 
Fpa^^neHT nepneH^^HKyjiapen jihhhh ypoBHH. 

(e) KaK npeoGpaayioTca KoopflHHaTbi rpa^HeHTa npn saMene Koop^HHaT? 

(f) SannniHTe b npoHSBOJiBHoii cncTeivie KOopflnnaT 4)opMyjiy fljis npoHSBOflHott 4)yHKii;HH / 
B HanpaBjieHHH BexTopa rpa^HeHTa 4)yHKii,HH g. 

ynasaHUH k 1. 06o3HaHHM 7u(t) = r(a(t), a — a'(0), h — fe'(O). Tor^a (Vuf)p — 

mr{a{t),b{t)m\t=o. 
Omeem k le. Ecjih 

u = ar^ + hry, to (V„/)p = a(/ o r)^|^-i(P) + 6(/ o r)j^|r-i(P). 

Omeem k 2e. {Vf)p = ((/ o r)^\r-i{P), (/ o r)j^|r-i(p)). 

VKasanue k 2g. Ot npoH3Bo;];HOH Tpe6yeTca tojibko to, hto ona ABjiaeTca KOBexTopoM. 
HcnojibsyHTe npeflbiflymHtt nyHKT. 

KoMMyTaTop BeKTopHbix nojieii. 

HycTb u n V — BeKTopHBie nojia na hjiockocth (hjih b R", hjih na n-Mepnoii noBepxHOCTH 
B R™). ripH KaKHX ycjioBHHX cymecTBycT CHCTeMa Koop;];HHaT r : R^ — )■ R^ (hjih r : R^ — >■ 

n), flJIH KOTOpOH 3TH HOJIS SBJIHIOTCJI KOOp/J,HUaTHMMH (T.e. u{r{X)) = r^(l,0) H v{r{X)) = 

r'xiO, 1))? PemeHHe SToii npocTO 4)opMyjiHpyeMOH, ho BascHoii saflann hphbo^ht k cjieflyioni,eMy 

HOHflTHK). 

KoMMyxaTopoM BeKTopnbix nojieii u nv noBepxHOCTH H HaatiBaeTca Taxoe BexTopnoe 

HOJie [u, v], HTO 

V„V^/ - V^V„/ = V[„,t,]/ fljia J11060H 4)yHK^HH / : 11 ^ R. 

1. (a) TaKoe nojie [u,v] cymecTByex h e^HHCTBeHHO. 

(b) KoMMyTaTop oGjia^aeT cBoiicTBaMH 

• [u,v] = -[v,u], 

• [Xu, v] — \[u, v] H 

• [Ui + U2, V] = [Ui, v] + [?i2, V\. 

(c) BeKTopHoe iiojic v b R" c ^eKapTOBbiMH Koop^HHaTaMH (x^, .... x") HasbiBaeTCH auhcu- 
HUM, ecjiH v\x^, . . . ,a;") = A^x'^, r^e A — nexoTopaa HocToannaa MaTpHLi,a. flpK&yKiiTe, hto 
KOMMyTaTop jiHHeiiHbix BeKTopHbix nojieii ecTi. CHOBa jiHHeiiHoe BeKTopnoe nojie, h BbipasHTe 
ero MaTpHii;y nepea Marpnu^hi HCxoflHtix nojiefi. 

(d) HafiflHTe BbipaaceHne fljia KOMMyTaTopa b npoH3BOJii>Hi>ix KOopflHHaTax. 

2. IlycTb Ml H M2 — BCKTopHBie nojifl na R". 

(a) 06o3HaHHM nepes 

• ai{t) HHTerpajibHyio KpHByio nojia Ui, fljia KOTopoit ai(0) = P, 
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• 02 (t) HHTerpajibHyio KpHByio nojiH U2, flJia KOTopoii 02(0) = P, 

• fci,s(0 HHTerpajibHyio KpHsyio nojia ui, fljia KOTopoii fci,s(0) = 02(5), 

• ^2,t(s) HHTerpajibHyio KpHByio nojia U2, flJia KOTopoft &2,t(0) = ai(t). 

/loKajKHTe, HTo [ui, U2] = Tor^a h tojibko Tor^a, Kor^a = &2,t(s) flJia jiio6mx P e R" 

H ^ocTaTOHHo Majibix t, s e R. 

(b) CncTeivia KOopflnnaT r : R" — > R**, fljis KOTopott ui{r{X)) = r^(l, 0, 0, 0, . . . , 0), 
U2{r{X)) — r'xiO, 1, 0, . . . , 0) h t.^. cyiii,ecTByeT Tor^a h tojibko Tor^a, Kor^a Bce sth bbk- 
TopHbie nojifl Ui jiHHefiHO HeaaBHCHMbi b Kaacflon TOHxe h Bce hx nonapHtie KOMMyTaTopti 
HyjieBbie. 

3. (a) IlycTb u,v — BeKTopHbie nojia na R™, KacaiomHecH noBepxHOCTH H C R™". Tor;];a 
BeKTopHoe iiojie [u, v] rojKe KacaexcH noBepxHOCTH 11 h ero orpaHH^eHHe [m, t"] |n na 11 coBnaflaex 
c nojieM [win, f In], r^e u\u h v\n — orpaHHHeHHfl na 11 nojiefi unv. 

(b) Ha eflHHHHHOH c4)epe 

53 = {{x, y, z, w) eR^ \ + + z'^ = 1} 

paCCMOTpHM BCKTOpHbie HOJIfl 

u = {-y:X,-w,z), vi = {-w,-z,y,x) H V2 = {-w,z,-y,x). 

BblHHCJIHTe KOMMyTaTOpbl [u, Vi] H [u, V2\ ■ 

4. (a) JlioSoe jih HenyjieBoe BeKTopnoe nojie na R"* MoacHO 'BbinpflMHTb', t. e. naiiTH CHCTeMy 

KOOpflHHaT, B KOTOpOH KOMnOHeHTbl STOrO HOJIfl SyflyT nOCTOflHHBI? 

(b) A KOBeKTopHoe? 

(c) * IlycTb A — oneparopHoe nojie na R". Ka>K/j,OH nape BeKTopHbix nojieii u,v na R" 
conocTaBHM BeKTopHoe nojie 

N{u, v) = A^lu, v] - A[Au, v] - A[u, Av] + [Au, Av]. 

HcHO, HTO OToSpaaceHHe N : Tp x Tp ^ Tp flBjiaeTCfl GHjiHHefiHbiM. ^OKaacHTe, hto ecjiH 
cymecTByeT CHCTeMa KOopflnnaT, b KOTopofi MaTpHi];i>i onepaxopoB ceMeficTBa A oflHHaKOBbi, 
TO TV = 0. 

5. (a) HpHBe^^HTe iipHMep flByx KOMMyTHpyioiii,HX BeKTopHbix nojiett na S^, jinneHHO nesa- 

BHCHMBIX BO BCeX TOHKaX. 

(b)* JlioSbie TpH nonapHO KOMMyTHpyioii],He BeKTopHbie nojia na TpexMepnott c(J)epe 5'^ 

JIHHeilHO SaBHCHMbl B HeKOTOpOH TOHKB CcJjepBI 5'^. 

YKasaHue k 5b. Hnane S^^ x x S^. 

KoBapnaHTHoe /],Hc|)c|)epeHu,HpoBaHHe BeKTopHtix nojieii. 

06o3HaHHM Hepea pr^^^ opxoroHajibHyio iipoeKri,Hio na KacaxejibHyio iijiockoctb Tp. 

KoBapHclHTHOH npOH3BOflHOH BeKTOpHOrO HOJia V Ha nOBepXHOCTH n B TOHKe 

P e n no HcinpaBjieHHK) KacaTejibHoro BeKTopa u E Tp naabiBaeTCfl bcktop 

{^uv)p := prTp{vj^(t))t\t=o- 

1. (b) HaiiflHTe KOBapnaHTHyio nponsBOflHyio BeKiopHoro nojia v{r, </?) = (cos </?, — (sin (p)/r) 
na njiocKOCTH b tohkb (0, 2) b HanpaBjienHH BCKTopa (1, 1). 



45 



(a,c,dl,d2,el,e2,g) CcjaopMyjinpyfiTe h flOKajKHTe anajiorH aa^an la,c,d,e,g h3 nyHKTa 'ko- 
BapnaHTHoe flHcJxJjepeHi^HpoBaHne 4)yHKi];HH' fljia BeKTopHbix nojieii. 
y saflaHH Id flBa anajiora: 

V„(/'y) = (V„/)w + /V„v H V„(wi -^2) = (V„vi) -vs + vi • V„V2. 

OopMyjiy, anajiornHHyio le, Hafi^^Hxe 

(el) lipH yCJIOBHH Qij = Sij B flaHHOH TOHKe. 

(e2) o6iri,ero cjiynaa. 

(f ) /^aHbi jiHHeHHO HeaaBHCHMbie BCKTopa u,v n x b R^. BbipasHTe nepea hx nonapHbie cxa- 
jiflpHBie npoH3BefleHHfl K034)4)Hii,HeHTbi pasjioJKeHHfl no Saancy u, v opToroHajiBHoii npoeKii,HH 
BCKTopa X Ha njiocKOCTb, coflepjKaiii,yio BexTopa u n v. 

2. (a) KpHBaa na noBepxHocTH HBjiHeTCH reo^^esHHecKofl Torj^a h tojibko Tor^a, Kor^a paBHa 
Hyjiio KOBapnaHTHaH iipoHSBOflHaa BCKTopa ee CKopocTH b^ojib nee. 

(b) CeMettcTBo BCKTopoB 3BjiaeTca napajiJiejiBHBiM b^ojib kphboh na noBepxHocxn xor^a h 
TOJiBKO Tor^a, Kor^a KOBapnaHTHaji npoHSBOflHaa SToro ceMeiiCTBa b^ojib SToii KpHBoii paBna 
Hyjiio. 

(C) [U, V] = WuV - S/yU. 

3. (a) EcjiH pHManoBa MexpHxa jioKajiBHo eBRjimflpBa (cm. onpe^^ejienne b aaflane 3a nynKxa 
'6HjiHHeiiHaH cjaopivia kphbhshbi Phhhh'), to Vu'VvW — VyVuW = V[u,v]W. 

(b) * R{u, v)w = VvVuW - VuVyW + V[u,v]'w. 

(c) P,Jis noBepxHOCTH r n B Saance {r^jVy) naiiflHTe (ncnojiBsyfl (b)) KOMnoneHTBi 

pi 

^jkl- 

KoBapnaHTHoii npoHSBO^Hoft BeKTopnoro nojia v na noBepxsocTH H nasBiBaeTCfl 
ceMeficTBO jiHHeiiHBix onepaxopoB 

(Vy)p : Tp — >■ Tp, aaflanHbix cjDopMyjiott (Vw)p(m) := V^v. 

4. (b) HaiiflHTe KOBapnaHTHyio nponsBOflHyio BeKTopnoro nojia v{r, (p) — (cos </?, — (sin (p)/r) 
na njiocKOCTH. 

(a,c,dl,d2,el,e2,g) Ccj^opMyjinpyiiTe n flOKajKHxe anajiorn aa^an 2a,c,d,e,g na nynKxa 'ko- 
napnanxnoe flH4)4)epenn;HpoBanHe 4)ynKn;HH' fljia neKxopnbix nojieii. 

VKaaanue k 1. (el) HycxB v.r{x,y) — p{x-iy)fx{^-iy) + Q.{^-iy)''''y{^-iy) ~ Bexxopnoe nojie na 
nonepxnocxH r{x,y) n 7u(t) = r{a{t),b{t)). Tor^a 

u = r^a'{0) + Tyh'iQ) n V„v = (K(aW,6(t))]ilt=o ■ r^) + r-y (K(a(t),6W)]ilt=o • Ty) . 

(e2) AnajiornHHO (el) ncnojiBsya (f). Hjih ncnojiBsyflxe (el) h (g). 

(g) Ox iipoHSBOflHOH Tpe6yeTCH TOJIBKO TO, HTO OHa HBjiaeTCH oiiepaTopoM. HciiojiBsyilTe sa- 
Kon HSMenenna Gaanca b KacaxejiBnoM npocxpancxne npn aanene nepcMennBix na noBepxnocxn 
(x.e. aaflany 2f h3 xcmbi 'Konapnanxnoe flH4)4)epenn;HpoBanHe 4)ynKn,HH'). 

KoBapnaHTHoe flH4)4)epeHii;HpoBaHHe TensopHbix nojieii. 

HycxB 7 : [a, 6] — ?> H — napaMexpHSOBannaH xpHBaa na noBepxnocxH 11. Oiiepaxopnoe nojie 
A{t) : T^{t) — ^ T^f^t) nasBiBaexca napajiJiejibHbiM B/],ojib p^aauovi kphboh (b cmbicjic JIcbh- 
HnBHxa), ecjiH /j,jih jiioSoro BeKxopnoro nojia v{t) G T^{t)) napajiJiejiBnoro b^ojib kphboh 7, 
nexxopnoe nojie A{v{t)) napajiJiejiBno b^ojib kphboh 7. 
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0. (a) ripHflyMaiiTe npHMep KacaTejitHoro onepaTopnoro nojia, napajiJiejitHoro BflOJib jiio- 
6oii KpHBoii. 

(b) ^Jia jiio6i>ix TOHKH P opneHTHpoBaHHOH eflHHHHHOH ccjjepbi B H KacaTejiBHoro bbk- 
Topa V B SToii tohkb o6o3HaHHM Hepea R^^'^{v) bsktop, nojiyHeHHbiii h3 v noBopoTOM b xaca- 
TejibHOH njiocKocTH Ha 7r/2 b nojioacHxejiBHOM HanpaBjieHHH. Tor^a onepaTopnoe nojie R^^^ 
napajijiejibHO b^ojib jiioGoh kphboh na ccj^epe. 

(c) CcjaopMyjiHpyiiTe h flOKaacHTe anajiorH TeopeM h3 TeMbi 'napajiJiejiBHbiii nepenoc' fljia 
onepaTopHbix nojiefi. 

HycTb u,v & Tp — KacaTejibHbie BeKTopbi. S^ecb h ^ajiee Vu{t) e 27u(t) ~ KacaTejibHoe 
BCKTopHoe nojie, napajiJiejibHoe B^ojib KpHBoii 7^, fljia KOToporo Vu{0) — v. 

KoBapHaHTHoii npoHSBOflHoii onepaTopnoro nojia A na noBepxHOc™ 11 b tohkc 
Pen no HanpaBjieHHK) u E Tp HasbiBaexca onepaxop, conocxaBjiaiomHH Bexxopy v Bexxop 

(V„A)p(^;) := prTp[A^^(t){vu{t))'t\t=Q\- 

KoBapHaHTHoft npoHSBOflHOH onepaxopHoro hojih A na noBepxHocxH 11 nasbiBaexca ceMett- 
cxBO SHjiHHeiiHbix oxoGpaaceHHH 

(VAjp : Tp X Tp ^ Tp, saflaHHbix 4)opMyjioH {'VA)p{u,v) := {'VuA){v). 

1. (b) ^Jia jiio6bix xoHKH P — (x, y, z) opneHXHpoBaHHoii eflHHHHHoii ccjjepbi b h xaca- 
xejibHoro BeKxopa v b sxoh xohkb o6o3HaHHM nepea Ap(v) Bexxop, nojiyHeHHbifi h3 xv noBopo- 

xoM B KacaxejibHOH hjiockocxh Ha 7r/2 b nojioacHxejibHOM HanpaBjieHHH. Hafl^Hxe KOBapnaHX- 
Hyio HpoH3BOflHyio onepaxopHoro nojia A na c4)epe b xohkc (1, 0, 0) no HanpaBjiennio BeKxopa 
(0,1,0). 

(a,c,dl,d2,el,e2,g) C<J)opMyjiHpyHxe h flOKaacHxe anajiorH aaflann Ia,c,dl,d2,el,e2,g h3 npeflbi- 
flyn^ero nynxxa fljiH onepaxopnbix nojiefi. 

(f) (PopMyAa JleuBnuya. Ecjih v — BexxopHoe nojie (ne oGnsaxejibno napajiJiejibnoe BflOJib 
KpHBoii 7„), xo iyuA)p{vp) = \SIu{A{v))\p - Ap{\SIuv\p). HanoMnnM, hxo \SIu{A{v))]p = 
W Tp[A^^{t){v^^{t))'t\t=o]- 

2. (a,c,dl,d2,el,e2,g) C(|)opMyjmpyHxe h jxoK&wLwre anajiorH 3a/],aH 4a,c,dl,d2,el,e2,g h3 
npeflbiflyn];ero nynxxa fljia onepaxopnbix nojieii. B el,e2 o65i3axejibno yxaacnxe 6a3Hc! 

3. (a) ^aiixe onpe^ejienne napajijiejibnocxn KOBexxopnoro nojia b^ojib kphboh na nonepx- 
nocxH. 

(b) C4)opMyjiHpyHxe h flOKascHxe anajiorn xeopeM h3 xeMbi 'napajijiejibnbiii nepenoc' fljia 
KOBeKxopHbix iiojieii. 

KoBapHaHTHoii npoHSBOflHoit KOBeRxopnoro iiojm ip na noBepxHocxH 11 nasbiBaexcH nojie 
{Wip)p : Tp X Tp — ^ R (P G n) GHjinnennbix oxo6pa>KenHH, sa^annbix (J)opMyjioH 

{Vip)p{u,v) = {Vu^)p{v) := Viu{t){vu{t))'t\t=o. 

4. (b) HaiiflHxe MaxpHn;y (c yKaaanneivi Saanca) KOBapnanxnoH npoH3BOflHOH KOBexxopno- 
ro nojifl, 5iBji5iioni,eroc5i npoH3BOflnoH 4)ynKn;HH /(x, y,z) — x na ccjjepe x"^ -\- y"^ -\- z"^ — 1 ^ 

npOHSBOJIbHOH XOHKe C(J)CpbI. 

(a,c,dl,d2,el,e2,g) Ccj^opMyjinpyttxe n flOKaacHxe anajiorn 3aflaH 2a,c,dl,d2,el,e2,g fljia ko- 
BeKxopnbix nojiefl. 
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5. 0opMyjia JIeu6Huv,a. Ecjih v{t) G T^(t) ^ iipoHSBOJibHoe seKTopHoe nojie (ne o6a3aTejibHO 
napajiJiejibHoe sflojib kphboh 7„), fljia KOToporo v{0) — v, to {'Vuf){v) — </'7„(t)(i'(i))t|t=o ~ 

6. (a) JXa&TB onpe^ejieHHe napajiJiejiBHOCTH nojia SHjiHHefiHbix 4)opM BflOJit KpHBoii na 

nOBepXHOCTH. 

(b) C(J)opMyjiHpyHTe h /],OKa>KHTe anajiorH xeopeM h3 xeMbi 'napajiJiejitHbiH nepenoc' fljia 
nojieii SHjiHHefiHbix 4)opM. 

KoBapHcLHTHoii npoHSBOflHoii nojia u GHjiHHeiiHbix OTo6pcL»ceHHH na noBepxHOCTH 
n HasbiBaeTCfl ceivieltCTBO TpHjiHHeiiHbix OToSpajKenHii (Vuj)p : Tp x Tp x Tp — > R (P e H), 
saflaHHbix (JjopMyjioii 

7. (b) HaiiflHTe KaKofi-HnGyflb pa/i, (hs Tpex sjieivieHTOB) xpexMepHoii MaTpHij,bi (c yKaaaHHeM 
SasHca) KOBapnaHTHoii npoH3BOflHOH 6HjiHHeHH0H (JjopMbi xiX2dxs A Ha c4)epe xf + xl + 
xl + x^ — 1 B TOHKe (0, 0, 0, 1) c(J)epbi. Ho onpeflejienHK), 3Ta GHjiHHeiiHafl (Jjopivia conocxaBjiaeT 
nape KacaTejibHbix BexTopoB {a,b) b TOHxe (xi,X2,x^,X4^) ccjiepbi hhcjio 2:13:2(0364 — 0463). 

(a,c,dl,d2,el,e2,g) Ccj^opMyjinpyHxe h flOKaacHTe anajiorH aaflann 2a,c,dl,d2,el,e2,g fljis 
nojieii SHjiHHeftHBix OToSpaaceHHii. 

(h) HaiiflHTe SHaneHHe 4)opMi>i (pd(pAd9 na nape KacaTejiBnbix BexTopoB (a, b, c) n (a', 6', c') 
B TOHKe (0, eflHHHHnoH c4)epi>i b R^. 

8. ^aiiTC oiipc^ejienne napajiJiejibnocTH BflOJit KpHBoii na noBepxnocTH n KOBapnanTnon 

npOH3BO/J,HOH llOJIH 

(a) /c-jiHHeiiHbix oTo6pa>KeHHH. 

(b) nojinjinnennbix OToGpasfennn (Tp)*^ — )■ (Tp)', T.e. meHaopoe muna {k,l). 

10. (a,c,dl,d2,el,e2,g) CcJjopMyjinpynTe n flOKajKHTe anajiorn aa^an 2a,c,dl,d2,el,e2,g fljia 
TenaopoB xnna {k,l). 

CuMMempu3av,ueunojis i/jp : TpxTp ^ H. Gnjinnennbix OToGpajKennn nasBiBaexca nojie 6h- 
jiHHefinbix oToGpajKennn (Alt ijj)p : Tp xTp ^ R, onpeflejienntix 4)opMyjiOH 2 (Alt ijj)p{u, v) :— 
ipp{u,v) - ijp{v,u). 

11. (a) CncxeMa ^H(J)(J)epeHii,HajibHt>ix ypaBHeHHii df /dx"^ = (pi{xi, . . . , Xn), i = 1,2, . . . ,n, 
paapeniHMa Tor^a n tojibko Tor^a, Kor^a Alt(V<^) — (r^e (p paccMaTpnBaeTCfl ksk KOBexTop- 
noe iiojie). 

(b) Bt>iBe;];HTe (|)opMyjiy ^jih Alt(Vv?) ^ npoHSBOJibnbix KOopflnnaTax. 

(c) Alt(Vvp) = V„(<^(y)) - V,(vp(m)) - fi[u,v]). 

/]^U(p(pepeH%UaAOMTlOJlil UJ flH(J)(J)epeHLl,HajIbHMX /c-(J)OpM (=KOCOCHMMeTpHHHMX fc-JIHHeHHblX 

OToSpaacennii) nasbiBaeTca nojie duj flH(J)(J)epeHij,Hajibni>ix {k + l)-(J)opM, onpe/j,ejienni>ix (J)op- 
Myjioii 

{dhj)p{uo, ...,Uk):^ E(,65^_^^(-l)^^"''(Va;)p(w<,(o), . . . , ^^(fe))- 

12. (a) d(p — Alt(V</?) fljifl KOBeKTopnoro nojia (p. 

(b) BbiBeflHTe 4)opMyjiy fljia du b npoH3BOJii>ni>ix KOopflnnaTax. 

06m,ee ynasaHue. Anajiornnno peayjiBTaTaM o KOBapnanTnoM flH4)4)epenn,HpoBanHH 4)ynK- 

n,HH H BeKTOpHblX iiojiefl. 

ynasanue k sadane Ji.^l,4.e2,7el,7e2. HcnojibsyttTe ypaBneHne iiapajijiejibnoro nepenoca 
BeKTopnbix nojien. 
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OBOBmEHHE 

3jieMeHTbi rHnep6ojiHHecKOH reoMeTpHH JIoGa^eBCKoro. 

HaaoBeM n/iocKocm'bK) JJoSaneecKoso nojiOBHHKy z > flBynojiocTHoro rnnepSojiOHfla — 
-\- HaaoBeM npsiMUMU JIodaneecKoso ceneHnfl SToii hojiobhhkh njiocKOCTAMH, npoxo- 

flamHMH Hepes Hanajio KOopflnnaT. 

1. (a) Hepes tohkj hjiockocth JTo5aHeBCKoro, He jie>Kairi;yio na ^^aHHofl npsMofi JTo5aHeB- 
cKoro, iipoxoflHT 6ojiee oflHott npsMott JIoGaneBCKoro, He nepeceKaioiri,eH flaHHott npsMott JIo- 
GaneBCKoro. 

(b) Hepe3 jiioSbie ^Be tohkh hjiockocth JIoSaneBCKoro npoxo^HT poBHO Oflna npaMaa Jlo- 
SaneBCKoro. 

(c) J\jI51 JII060H KpHBOH {x{t),y{t), z{t)) Ha HJIOCKOCTH JIoSaHeBCKoro Xtit)"^ + yt{t)'^ — Ztit)"^ > 

0. 

/l^AUHOu JIo6aHeecK020 KpHBofi {x(t),y{t), z{t)), t G [a, na hjiockocth JIo6aHeBCKoro na- 
sbiBaeTCH HHCJio \J Xtit)"^ + yt{tY ~ Zt{ty dt. (Hjih, Bt.ipa>Ka3Cb Haynno, naaoBeM puManoeou 
MempuKou JIo6aHe6CK020 cyiKenne nceBflopHManoBOH MexpHKH ds^ = dx"^ + dy"^ — dz^ b na 
njiocKOCTb JIoSaneBCKoro.) 

^ajiee pHMaHOBa MexpHKa gij sanucueaemcA b BH^e ds^ — gijdx^dx^ . 

2. (a) rijiocKOCTB JloGaneBCKoro HsoMeTpHHHa BepxHeft nojiynjiocKOCTH c pHManoBofi MeT- 

79 dwdw , ^ . ^ 

pHKoii JlooaHeBCKoro ds — —4- — - (MOflejib IlyaHKape b BepxHeii nojiynjiocKOCTHj . /],ajiee 

[w — wy 

nAOCKOcmbw JIo6aHeecKoso HaatiBaeTCfl BepxHaa nojiynjiocKOCTb c pHManoBoii MeTpHKoii Jlo- 
SaneBCKoro. 

(b) rijiocKocTb Jlo6aHeBCKoro HHBapnaHTHa OTHOCHTejiBHO npeoSpaaoBanHH p{w) — w + a 
H q{w) = —1/w. 

YKasaHHe: tohkh Zi h Z2 nepeBo;],HTca: HSOMeTpneii b tohkh c o^^HHaKOBbiMH a6cii,HCcaMH. 

(c) BbiBe^HTe meopcMy Uucfjasopa hjiockocth JIo6aHeBCKoro: ch c = ch a ch 6 
YKasaHiie: mojkho cHHTaxb C = i, A = kiiiB = cos 99 + isinip. 

(d) OKpyjKHOCTi. JloSaHeBCKoro aBjiaeTca eBKjiHflOBOH OKpyjKHOCTi.10. 

(e) * HaiiflHTe fljinny OKpyjKHOCTii JIoSaHeBCKoro paflnyea R. 

yKasaniie: ^^BiiaceniieM hjiockocth JIoSancBCKoro H;eHTp OKpyjKHOCTH mojkho nepcBecTH b 
H;eHTp MOflCJiH HyaHKape b Kpyre, saxeM HattxH cbssb eBKUHflOBa pa^nyca h pa^nyca JloGaneB- 
CKoro... 

(f) * C4)epa, HjiocKOCTb h hjiockoctb JloSaHeBCKoro nonapHO jiOKajiBHO ne HSOMeTpHHHbi. 

(g) * JlioSaa BHyTpeHHflfl naoMeTpHa mbtphkh JloSaHeBCKoro, coxpaHaiomafl opHeHTaii;Hio, 

flBjiaeTCfl flpoDHO-jiHHeHHbiM HpeoopaaoBaHHeM j{z) — c onpeflejiHTejieM ad — oc—1 (h 

cz + d 

BeHi,ecTBeHHbiMH a, b, c, d). 

FeoMeTpHa na pHManoBbix MHorooSpasnax. 
PHMaHOBBiM MHorooGpasHeM (jioKajiBHbiM) HasBiBaexca napa (M, g) h3 oxKpbixoro mho- 

>KeCTBa B R" H pHJViaHOBOH MexpHKH g Ha HeM. 

HpH 3X0M H30MexpHHecKoro BjiojKeHHfl M c R"* He 3aflaHo! 

JJjiuHU Kpueux u njiout,adu OHpeflejiaioxcfl nepea pHManoBy MexpHxy 4)opMyjiaMH, nojiy- 
HeHHbiMH panee. 
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KacameAbHUM npocmpaHcmeoM Tp e moHKe P E M HaatiBaeTCfl iipocrpaHCTBO R". 

CKCuifipHafi Kpueuana, seodeaunecKue, 9KcnoHeHV,uaji'bHoe omo6pacnceHue, mensop Puhhu, 
KoeapuanmHoe du^epemj^upoeaHue ^yHKVi,uu, Kacamejit>Hue eenmopHue u mensopHue no/in 
Ha (M, g) onpeflejiaiOTCfl aocjiobho tok ace, KaK fljia noBepxHOCTeii b R'". 

1. BbiHHCjiHTe CKajiapHyio KpHBHsny b TOHxax 

(a) njiocKocTH JIoGaneBCKoro, x.e. BepxHett nojiynjiocKocxH c pHManoBOH MexpHKott ds^ = 

dwdw 
—4 z — ■ 

{w — wy 

(b) njiocKOCXH c pHManoBOH MexpHKoii ds^ — X{x,y){dx^ + dy"^). 

dx'^ ' ' ' ^ dx^ 

(c) * npocxpancxBa R" c pHManoBoii MexpHKofi ds^ — — 



{l + xl + --- + xlf 
(d)* npoHSBOJiBHoro pHManoBa MHorooSpaana. 

2. (a)* YpaBHeHHe reoflesHHecKoii 

(b) Hepes KayKpym xoHxy b KayKflpu HanpaBjieHHH npoxo;];HX poBHO o^^na reo^^esHHecKaa. 

3. HaH/j,HTe reo;],e3H'iecKHe na BepxHeii nojiynjiocKOCTH c pHManoBOH MexpHKott 

{e.) ds' ^ y{dx' + dy'); (b) d.^ = -4^^; (c) ds' ^ . 

[w — wy x^ + y^ 

4. * HaiiflHxe Bce 4)yHKii,HH X{x, y, z), ^jih Koxoptix Bce KpHBtie {y — Ci,z — C2} aBjiaioxca 
reoflesHHecKHMH pHManoBoii MexpHKH e^*^^'^'^^(dx^ + dy^ + dz'^) na R^. 

5. C4)opMyjiHpyiixe h flOKaacHxe anajiorH Bcex onpeflejieHHfi h xeopeM h3 xeMbi 'SnjiHHeiiHaa 

4)OpMa KpHBHSHbl PhHHh'. 

KacaxejibHoe k M BeKTopnoe iiojie v na KpHBoii cxpp 07 : [0, 1] — )> Tp — > M nasbiBaexca 
napajiJiejibHbiM Bfipjib kphboh expp 07, ecjiH ero npooGpas ['sw'p{'l{t))]^^'^expp{'y{t)) npn 
npoH3BOflHOH 3KcnoHeHi];HajiBHoro oxoSpaaceHHa napajijiejien. 

6. (a) 3x0 onpeflejieHHe coBnaflaex c npejKHHM fljia noBepxHOCxeii b R"*. 

(b) BbinHniHxe aBHO h pemnxe ypasHeHHe napajiJiejitHoro nepenoca b^ojib ropnaoHxajiBHOH 

eBKjiH;];oBOH npaMOH p^jis hjiockocxh JIo6aHeBCKoro. 

(c) To JKe BJipjlb /],aHHOH eBKJIH/],OBOfi OKpyjKHOCTH. 

OnpeflejieHHe napajiJieAhuozo nepenoca, cenv^uonnou Kpueuanu, men,3opa Pujuana u Koea- 
puanmnou npouseodnou nojin k-Jiuneunux ^opu na (M, g) noBxopaex npHBe/j,eHHoe Bbiiiie. 

7. * (a) /],jia flByMepHoro pHManoBa MHorooSpaana r = 2(7, x.e. yroji noBopoxa KacaxejibHoro 
BeKxopa npH napajiJiejibHOM nepenoce b^ojib saMKHyxoii KpHBoii (opneHXHpoBaHHoii corjiaco- 
BaHHo c opneHxai^Heii MHoroo6pa3Ha) h orpaHHHHBaiomeH o6jiacxb A paBen | rdS. 

(b) C4)opMyjiHpyHxe h flOKaaoixe anajiorH Bcex onpeflejienHH h xeopeM h3 xeMBi 'xenaop 

KpHBHSHbi PHMana'. 

KoBapHaHTHoit npoHSBOflHoft BeKTopHoro nojia v na M b xoHKe P E M no na- 
npaBjieHHK) BeKTopa u E Tp naabiBaexca Bexxop V^v :— ([expp(Mt)]~^i;expp(ut))i|t=o, T.e. 
npoH3BOflHaa (b xonxe e R" no nanpaBjieHHio Bexxopa u) npooSpaaa BeKxopnoro nojia v npn 
npoH3Bo^HOH 3KcnoHeHii,HajiBHoro oxoSpaaceHHa. 

8. * (a) 3xo onpe;];ejieHHe coBna;];aex c npejKHHM jiJi^i noBepxHocxeii b R"^. 

(b) HaimmHxe onpeflejienne KOBapnaHXHott npoHSBOflHoft Bexxopnoro nojia na pHManoBOM 
MHoroo6pa3HH. 
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(c) MaTpHii;a KOBapnaHTHOH nponsBOflHoii BeKTopnoro nojia v b tohkb P b CHCTeMe Koop- 

flHHaT 3KCIIOHCHLI,HajIbHOrO OTo6pajKeHHH eCTb (7- — r). 

(d) HailflHTe STy Maxpni^y (c yxasaHHeM 6a3Hca) fljia njiocKocxH JIoGaneBCKoro. 

(e) HattflHTe STy MaTpHii,y b npoHSBOJiBHbix KOopflnnaTax. 

(f) /^OKajKHTe SKBHBajieHTHOCTb npHBefleHHoro onpe^ejieHHa onpeflejieHHio KOBapnaHTHoro 
flH4)4)epeHii;HpoBaHHJi BexTopoB h3 [Gr90, 2.2]. 

(g) PaSHOCTH — CHMBOJIOB KpHCT04)4)ejIfl flByX pHMaHOBblX MexpHK Qij H (fij Ha OflHOM 

H TOM ace M oGpasyioT xeHsop xana (1, 2). 

(h) J1k)6oh TCHSop THna (1,2) Moacex Sbitb npeflCTaBjien TaKHM o6pa30M. 

9. * C(J)opMyjiiipyilTe h flOKajKHTe anajiorH Bcex onpeflejienHfi h TeopeM h3 Bcex TeM npo 
KOBapnaHTHoe flH4)4)epeHi];HpoBaHHe. 

10. * OnpeflejieHHfl acJxJjHHHoii cbashocth h saflanHoro eft KOBapnaHTHoro flH4)4)epeHi];Hpo- 
Banna cm. b [Ra04, MF04]. 

(a) Ha njiocKOCTH c Koop^^HHaxaMH u, v Hafi^^Hxe acjDcjDHHHyio cbhshoctij, OTHOCHxejibHO ko- 
Topoil BeKTopHbie iiojiH ^ = (e", 1) rtj = (0, e^) KOBapnaHXHo nocToaHHbi (x.e. hx KOBapnaHTHaa 
npoH3Bo/j,HaH paBHa nyjiio). 

(b) HaftflHTe {meHsop KpyHenud) F^j — F^j fljia SToii cbashocth. 

(c) CymecTByeT jih pHManoBa MeTpHxa, nopojKflaioii],aa stj acJxJjHHHyio CBflSHOCTt? 
VKaaanue k 2a. /^OKaatiBaeTCfl npn noMomH BapHan;HOHHoro HCHHCJienHa. 




51 



